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Abstract 

Quantum universal enveloping algebras, quantum elliptic algebras and double (deformed) 
Yangians provide fundamental algebraic structures relevant for many integrable systems. They 
are described in the FRT formalism by R-matrices which are solutions of elliptic, trigonometric 
or rational type of the Yang-Baxter equation with spectral parameter or its generalization known 
as the Gervais-Neveu-Felder equation. While quantum groups and double Yangians appear as 
quasi-triangular Hopf algebras, this is no longer the case for elliptic algebras and the various 
deformations of Yangian type algebras. These structures are dealt with the framework of quasi- 
Hopf algebras. These algebras can be obtained from Hopf algebras through particular Drinfel'd 
twists satisfying the so-called shifted cocycle condition. We review these different structures and 
the pattern of connections between them. 
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1 Introduction 



The quantum generalization of the inverse scattering method by E.K. Sklyanin, L.D. Faddeev and 
L.A. Takhtajan gives a unified framework for the resolution of integrable systems and puts in evidence 
underlying algebraic structures ||7T], ^]. These structures appear to be a very powerful tool both 
for resolution and construction of two-dimensional models in statistical mechanics and in quantum 
field theory. They also lead to the formulation of the classical inverse scattering problem in an 
algebraic way with the formalism of the classical r-matrix. The quantization of classical r-matrices 



yields quantum R-matrices ||6^ satisfying the so-called star-triangle relation, also known as the 
Yang-Baxter equation ||16|, [74|. 



A particularly interesting case is that of R-matrices R G End(y ® V) depending on a complex 
parameter, called the spectral parameter, where is a representation of an infinite-dimensional 
algebra. In a first attempt to give a systemization of the (at this time) known solutions of the 
Yang-Baxter equation with spectral parameter was undertaken. However, the problem of classifying 
such solutions is not solved yet, and since this pioneering work no new type of solution has been 
found. In fact, the known solutions of the Yang-Baxter equation with spectral parameter fall into 
three classes: the elliptic ones, the trigonometric ones and the rational ones. 

The trigonometric solutions have been used in solvable lattice model, see for example [^, 0, ^ 



They appear also to be the R-matrices used to define the quantum affine algebras in the FRT 
formalism. The notion of quantum affine algebra was introduced in ||63| , [rO|| for the s/2 case and in 
?5l H] for any simple Kac-Moody affine algebra. 



Elliptic R-matrices have yielded many algebraic structures relevant to certain integrable systems 
in quantum mechanics and statistical mechanics, e.g. the XYZ model |^], RSOS models |62| 
and Sine-Gordon theory ||61|, In the elliptic case, the R-matrix associated to the eight vertex 
model was first derived by R.J. Baxter ||T^ and generalized to the ZTv-symmetric vertex model by 
A. A. Belavin |[T^. The vertex-type elliptic R-matrix for s/2 was first used by E.K. Sklyanin ||6^, |6^ to 
construct a two-parameter deformation of the enveloping algebra ^(5/2). The affine version, including 
the central extension c, was introduced in [3^, provided the Yang-Baxter relations take the form 
R12L1L2 = L2L1RI2 where RI2 denotes the R-matrix R12 with a modified elliptic nome p* = pq'"^^. 
At this level, the coalgebra structure remains undetermined: indeed the fact that the R-matrices 
R12 and R\2 are different prevent the usual coproduct formula AL = L®L from applying. Moreover 
a free field realization of Aq^p{slN) is still missing. The connection between the quantum elliptic 
algebras Aq^p{slM) and the g-deformed Virasoro and algebras ||ll], |12|, ^ ^] was established in 
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Other elliptic solutions, known as the face-type R-matrices, depending on extra parameters A be- 
longing to the dual of the Cartan algebra in the underlying algebra, were first used by G. Felder 
|32| to define the algebra Bg^p^xlsl^) in the R-matrix approach. This class of elliptic solutions to the 
Yang-Baxter equation is associated with the face-type statistical models [IT], p^. B. Enriquez 
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and G. Felder |29| and H. Konno [^] introduced a current representation, although differences 
arise in the treatment of the central extension. A slightly different structure, also based upon face- 
type R-matrices but incorporating extra Heisenberg algebra generators, was introduced as Uq^p{sl{2)) 
2|. This structure is relevant to the resolution of the quantum Calogero-Moser and Ruijsenaars- 

l|. It is worthwhile to notice that the RLL type relations take in this case 



Schneider models 
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a particular form, like the Yang-Baxter equation, where the Lax matrices also depend on the extra 
parameters A, and where some shifts along the Cartan generators occur. As in the vertex case, the 
coalgebra structure was undetermined. 



This problem was solved in g8| both for the vertex-type and for the face-type elliptic algebras. 
O. Babelon was the first to suggest that the notion of quasi-Hopf algebra was the right frame- 
work to deal with such structures. Originating with the proposition of on face-type algebras, the 
construction of the twist operators was undertaken in both cases by C. Fr0nsdal |^, ^] and finally 
achieved at the level of formal universal twists in [0, |4^. In |^, the universal twist is obtained by 
solving a linear equation introduced in ||20|| , this equation playing a fundamental role for complex 
continuation of 6j symbols. Moreover in the case of finite (super) algebras, the convergence of the infi- 
nite products defining the twists was also proved in 0. This led to a formal construction of universal 
R-matrices for the elliptic algebras Aq^p{slM) and Bq^p^x{slN) in ||4^, of which the Belavin-Baxter and 
the Andrews-Baxter-Forrester 4x4 matrices are respectively (spin 1/2) evaluation representations. 



Particularly interesting limits of elliptic or trigonometric R-matrices are the so-called degeneration 
or scaling limits. The resulting R-matrices are rational solutions of the Yang-Baxter equation. The 



-,2s 



scaling limit is defined by taking z = (spectral parameter), p = q (elliptic nome) and w = q 
(dynamical parameter) with q ^ 1, keeping u, r and s fixed. The degeneracy limits of elliptic R- 
matrices was considered either in the vertex case ||4^, ^ (R-matrix formulation) and [5^ (current 
algebra formulation) or in the face case f^. They give rise to algebraic structures which have been 
variously characterized as scaled elliptic algebras denoted Ah,r]{sl2), where t] = 1/r and q ~ e"^ with 
or double Yangian type algebras ||5|, |l^, |6^. The algebra Ah,ri{sl2) is relevant to 

0) 



M, B 



the study of the XX Z model in its gapless regime ||4§|. It admits a further limit r oo {rj 
where its R-matrix becomes identical to the R-matrix defining the double Yangian VY{g) (centrally 
extended), defined in [5^, |6^ . 

One must however be careful in these identifications in terms of R-matrix structure since the gener- 
ating functionals (Lax matrices) of these algebras admit different interpretations in terms of modes 
(generators of the enveloping algebra). Although represented by formally identical RLL type rela- 
tions, these two classes of objects differ fundamentally in their structure: in the context of scaled 
elliptic algebras, the expansion is done in terms of continuous-index Fourier modes of the spectral pa- 



rameter ||54|, |6l|, while in the context of double Yangian type algebras the expansion is done in terms 



of powers of the spectral parameter ||5^, |60|. Hence these structures must be considered separately. 



It appears clearly that the universal algebraic structures associated with any limit of evaluated R- 
matrices may not be taken for granted, but must be explicitly constructed. This will be achieved by 
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identification of these particular limits as evaluation representations of universal R-matrices for the 



deformations by particular Drinfel'd twists ||2^, known as "shifted-cocycle" twists |113|, of Hopf 
algebra structures. This construction systematically endows these deformations with a Gervais- 
Neveu-Felder type quasi-triangular quasi-Hopf algebra structure. It is characterized by a particular 
form of the universal Yang-Baxter equation, called Gervais-Neveu-Felder or dynamical Yang-Baxter 
equation. 



The plan of the paper is as follows. We first introduce in section 2 the basic tools necessary for 
the description of the various algebraic structures we will deal with, especially the notions of Hopf 
algebra, quasi-Hopf algebra and Drinfel'd twist. We also describe the structure of quantum affine 
algebras, in particular the construction of their universal R-matrix and the connections between their 
various presentations (Cartan-Weyl basis, Drinfel'd realization, FRT formalism). The section 3 is 
devoted to the quantum affine elliptic algebras of vertex type Aq^p{sl]si) and of face type Bq^p^\{slM) 
and some of their "degenerations". Emphasis is given on the structure of these algebras, in particular 
their quasi-Hopf structure. The Drinfel'd twists that connect them to the quantum group Uq{slN) 
are explicitly constructed following the lines of |^. In section 4, we deal with (double) Yangians and 
related structures. The degeneration limit of Aq^p{slM), interpreted as a deformed double Yangian, is 
shown to be obtained from the double Yangian VY{sIn) by a Drinfel'd twist of Gervais-Neveu-Felder 
type, promoting the deformed double Yangian as a quasi-triangular quasi-Hopf algebra. A similar 
degeneration limit of the face type elliptic algebra Bq^p^x{slN) and removing the elliptic dependence 
lead to a dynamical double Yangian algebra, which also exhibits the structure of quasi-triangular 
quasi-Hopf algebra. Finally the nature of the degeneration limit of Bq^p^x{slN) without removing the 
elliptic dependence is discussed ("dynamical deformed double Yangian"). 

2 Hopf algebras, quasi-Hopf algebras and Drinfel'd twists 

2.1 Hopf algebras 
2.1.1 Definitions 

Definition 2.1 A unital associative algebra 2t over C is called a Hopf algebra if it is endowed with a 
coalgebra structure: the coproduct A : 21 — > 21 ® 2t and counit e : 21 — > C are algebra homomorphisms , 
the product m : 21 ® 21 ^ 21 and unit t : C ^ 2t are coalgebra homomorphisms and 21 is equipped 
with an antihomomorphism 5 : 21 21 (antipode), with 

(id(g)A)(A(x)) = (A (g) id)(A(x)) (Vx G 21) (coassociativity) 

(id (g)e) o A = (e (g) id) o A = id 

m o (5* (g) id) o A = m o (id ®S) o A = l o e 

If a denotes the fiip map, a{x y) = y x for x, y G 2t, A°p = a o A is the opposite coproduct. 
Whenever A = A°p, the Hopf algebra 21 is said cocommutative. 

^ly? : 21 ^ *B is a coalgebra homomorphism if A<s o (f — [(p ^ (p) o Aa and e<B ° 'fi — ^i^- 
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Definition 2.2 A Hopf algebra 21 is said to be quasi-triangular if it exists an invertible element 
7^ e 21 ® 21, called the universal R-matrix, such that 

A°P(x) = TZA{x)TZ~^ {\/x e 21) (almost cocommutativity) 

(A®id)(7^) =7^l3 7^23 
(id®A)(7^) =ni3ni2 

It follows that TZ satisfies the Yang-Baxter equation (in 21 (8) 21 (g) 21) : 

7^l2 7^l3 7^23 = n^^ n^2 (2.1) 

and that 

(e®id)(7^) = (id®e)(7^) = 1 

(2.2) 

{s ® id) {n) = (id (8),5-^) (7^) = 7^-^ 

2.1.2 Quantum afRne algebras Uq(^) 

Let be a finite-dimensional complex simple Lie algebra and C[2;, z~'^] be the ring of Laurent polyno- 
mials in the indeterminate z. The Kac-Moody affine algebra is defined by = g®C[;s, 2;~^]©Cc©C(i, 
c is the central extension and d is the derivation. Let {A^j) and (A^J™) be the Cartan matrix and 
the symmetrized Cartan matrix of g respectively, where A^^^ = diA^j and di are relatively co- 
prime integers such that diAij = djAji. If 11° = {ao, . . . , a, } is a simple root system of g, one has 
{Alj"^) = {ai, aj) where ( ■ , ■ ) denotes a scalar product on the root space. 

The quantum universal enveloping Kac-Moody affine algebra - or quantum affine algebra - V{q(g,) is 
the unital algebra over C(g), the ring of rational functions in the indeterminate q, with generators 
kf, Ci and /j (0 < i < r) such that 

[kt, kf] kTK = k-kt = 1 [e„ /,] = S,, (2.3) 

q-q ^ 

kfe.^q^^^^ e,kf kffj^q^^^^ fjkf (2.4) 

and for i j 

(ad,e,)'-^-(e,) = (ad, /,)'-^-(/,) = (2.5) 

Asym 

where by definition (adgej)(ej) = CjCj — q »j CjCj. 
The Hopf algebra structure of Uq(Q) is given by 

A(kf) = k^ kf A(ei) = ei ® 1 + A;+ ® A(/i) ^ h^k' + 1® U 

Sik^) = kf Sic) = -kre, S{h) = hkt (2.6) 

e{kf) = e(e,) = e(/0 = e(l) = 1 

Let n+ be the set of positive roots of g. One defines a so-called normal ordering -< among the roots 
of n+ in the following way: ii a, (3,a + (3 G 11+ and [a, (3] is a minimal segment containing a + (3, 
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then one writes a ^ a + (3 ^ (3. Once the generators Cq- = Ci, t-c^ = /« corresponding to the simple 
roots are given, the generators corresponding to all positive roots are constructed by induction as 



follows (see also ||5g, |5^ for the finite case): 
if a, P,a + P G 11+ are such that a ^ a + /3 -< /5. 

For any root 7 = ^^^o^**^*' ^ ^ one sets = 111=0 ^i*^"'- If 7 is a real root, one gets 

[e„ /,] = V, ^j^^ (2.8) 

but for the imaginary roots n5, one has (the superscript (^) denotes the multiplicity of the imaginary 
root n5) 

— 

^rn^n,0 (2.9) 

It is necessary instead to introduce new generators e^*], f^^g such that 

[eS, = «^.(^) ; _ (2.10) 

where aij(n) = -. -r . 

n[q — q~^) 

The generators e^*] are expressed in terms of the e^*] generators by means of Schur relations (see ||59| ). 

The universal R-matrix of the quantum affine algebra Uq(§) has been constructed in ref. It 
has the following structure: 

^[^,(5)] = ( n ^7)^ (2-11) 

7Gn+ 

where the arrow means that the product has to be done with respect to the normal ordering -< 
defined on 11+ and the factors TZ^ and /C are given by 

= expq-(^,^) (^{q - g"^)?7^^ O /^j (2.12) 

for the real roots 7 G 11+, 

nn5 = exp ((g - q-') % W ^ ® B) (2-13) 

ij 

for the imaginary roots n6 G 11+ where the matrix (%(«)) is the inverse of the matrix (aij(n)), and 

where hi is such that kf = q^^^ and the matrix {dij) is the inverse of a non-degenerated extension of 
the symmetrized Cartan matrix (A^J™). 
In ( |2.12| ) the g-exponential is defined by 

exp^(a;) = ^ — - where {n)q\ = (1)^(2)^ . . . (n), and {k)^ = -—— (2.15) 

{Tljq. 1 q 



nGN 
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2.1.3 The Drinfel'd realization of ^^(g) 



There exists another realization of the quantum affine algebra Wq(g) found by Drinfel'd [|^, Uqis) 
is isomorphic to the algebra with generators /Ci,„, A'j'^ and C (with 1 < i < r and n G Z) such that 



-mA- 



n+m,0 



m{q — q 



-V 



q-q 



-1 



A sym A sym 

^niA^" _ „~mA^" 
\ir. V±1 - + ^ ^ Y± r^\m\/2 



\[/+ /7(r)i-n)/2 _ ^7 
r T^-|_ "I f- j,r?i+n i,r?i+n 



± 



[C, /C,^] = [C, Xf^] = 
and for i j with n^j = 1 — Aij 



q-q- 



(2.16) 



Yf_i)k i!!i2h: ... ... X^ 



o-e6„.. fc=o 



The generators ^'f^ are determined by 

5^ ^t^^ z^- = ICf^ exp ( ± (g - g-i) ^ /C,±. ^^") 



n>0 



n>l 



and the g-factorial is defined by [n\q\ = [1]^ [2]g ... [n]g and [A;] 



k —k 

_ q — q 
q-q 



(2.17) 



(2.18) 



2.1.4 FRT formalism ofUgisk) 

Consider the two-dimensional evaluation representation of s/2 with evaluation parameter z, in the 
homogeneous gradation given by 

7r^(ei) = ei2 7r^(/i) = 621 7r^(eo) = ^621 TTzifo) = z'^eu 

vr^(/ii) = en - 622 T^ziho) = 622 - en 



(2.19) 



Then the R-matrix of ^^(5/2) in the fundamental representation R{zi/z2) = (vr^^ ® vr^j)??, reads 



/I 



R[Ugisl2)]{z) = p{z) 











Q g(l -^) 1-9^ Q 







1 — q'^z 1 — 

Z(l-g2) g(l_^) 







1 — q'^z 1 — g^z 

V 1 / 



(2.20) 



the normalization factor being 



(2.21) 
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The infinite multiple products are defined by {z; a)oo = nn>o(-'- ~ za^). 

In the FRT formalism the algebra Uq{sl2) can be alternatively defined as an algebra with 
generators Lf-{z) = X]fc>o -^i?("F^) -^^'^j encapsulated into the two 2x2 independent matrices 

L-U) - ( flK ) (2.22) 



1 \ / k'tiz) \ / 1 f^{z^ 



e^(z) 1 ) \ k^(z) y V 1 



<il^{z)=k^izq) kf{zq)-' = J2'^ 



(2.23) 



subject to the relations 

Rl2{zi/Z2) Lf{z,) Lf{z2) = Lf{z2) Lf{z^) Ru{zi/Z2) 
Ri2{q''zi/z2) L^izi) L^{z2) = L2{z2) Lfizi) Ri2{q'''zi/z2) 

and 

q-deiL^{z) ^ Lf,iq-'z)L^,iz) - Lf.iq-' z) Lf,{z) = 1 (2.24) 

where Lf{z) = L^{z) ® 1, Lf{z) = 1 L^{z). 
The Hopf algebra structure is given by 

AL^{z) = L±(zg±(^^^/2))^^±(^^Tc/20i) ^2.25) 

i.e. explicitly 

^Lfjiz) = Y.Lf,{zq^('^^/'^) ® L%{zq^^/'n (2.26) 

k 

for the coproduct, S^L'^i^z)) = (L^(z))~^ for the antipode and e(L='=) = 1 for the counit. 
Using a Gauss decomposition for the Lax matrices L'^iz), 



kfiz) kt{z)f^{z^, 



L^(z) 



eHz)kt{z) kt{z) + eHz)kt{z)f^{z^) 
the modes of the generating functions 

X+{z) = (g - q-')-\e+{qz_) - e-{qz^)) = J2x^z-- 

X~{z) = {q-q-')-'{f+{qz+)-f-{qz^)) = (2.28) 



with z± = zq^"/^ satisfy the Drinfel'd relations (|2.16|) of Uqi^sk) Hi . 
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2.2 Quasi-Hopf algebras 

Definition 2.3 A unital associative algebra^ overC is called a quasi- H op f algebra if it is endowed 
with a coalgebra structure: the coproduct A : 21 — > 21 (8) 21 and counit e : 21 — > C are algebra 
homomorphisms, the product m : 21 (8) 21 — > 21 and unit i : C — > 21 are coalgebra homomorphisms, 
and 21 is equipped with an antihomomorphism jS" : 21 ^ 21 (antipode) and elements a, /3 G 21, and an 
invertible element $ e 21 (8) 21 (8) 21 (coassociator) , with 

(id®A)(A(x)) = $(A ® id)(A(x))$-^ (Vx e 21) 
(id (g)e) o A = (e id) o A = id 

(id(8)id(8)A)($) • ( A (8) id (8) id) ($) = (1 $) • (id (8) A (8) id) ($) -($0 1) 
(id(8)e(8)id)($) = 1 

and for the antipode 

S{xf^)axf'^ = e{x)a J] xf^ (3S{xf^) = e{x)(5 

i i 
i i 

where x e 21 with A(x) = xj^^ (8 xf^ and 

The element $ measures the lack of coassociativity of the coproduct. 

Definition 2.4 A quasi- H op f algebra % is said to be quasi-triangular if it exists an invertible element 
7?. e 21 (8) 21, called the universal R-matrix, such that 

A°P(a;) = 7^A(a;)7^-^ (Vx G 21) 

(A id)(7^) = $(312) ^(132) -1 ^(123) 

(id®A)(7^) = $(231)-^7^,3$(213)7^^^$(123)-l 

It follows that TZ satisfies the generalized Yang-Baxter equation (in 21 (8) 21 (8) 21) : 

7^12 $(3^^^ 7^l3 $(132)-1 ^(123) ^ ^(321) ^(231)-1 ^(213) ^2.29) 

The notation $(^^2) j^g^ns that if $(^^3) ^ ^.(^W ^ (^f) then $(^^2) ^ ^.(^f) ipf\ 
and so on. 

Obviously, a quasi-Hopf algebra with ^ — 1, a — (3 — 1 a, Hopf algebra. 

2.3 Drinfel'd twist 

The notion of Drinfel'd twist allows one to associate to a given quasi-triangular quasi-Hopf algebra 
another quasi-triangular quasi-Hopf algebra in the following way. Consider an invertible element 
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JF e 2t ® 21 such that (id ®e)J-' = (e ® id)jF = 1 (when 21 is a quantum universal enveloping algebra, 
this means that the "leading" term in is 1 ® 1). One sets 

A (a;) = J^i2 A{x) (Vx G 21) (2.30) 

^ = -^21 7^l2 -FTs' (2.31) 

$ = (j-23(id®A)(J^)) $ (j-i2(A®id)(J^))"' (2.32) 

a = ^S{vjf^)awf and =^vf^ 15 S{vf) (2.33) 

i i 

where 

= ^ ) ® t;f ) and = w['^ ® «;f ^ (2.34) 



Proposition 2.1 (Drinfel'd) //(2l, A, e, S, a, (3, TZ) is a quasi-triangular quasi- H op f algebra 
(QTQHA), then (21, $, A, e, S, a, /3, TZ) ts also a QTQHA (denoted 21 for short). 

T is called a Drinfel'd twist. 

In the following, we will mainly be concerned with twists of Hopf algebras. From now on, we consider 
the case where 21 is a Hopf algebra ($ = 1, a = /5 = 1) and T depends on parameters A G where 
^ is an Abelian subalgebra of 21. 

Definition 2.5 A Drinfel'd twist T satisfying the so-called shifted cocycle condition (h E S)) 

J-i2(A) (A ® id)(^(A)) = J-23(A + /i«) (id®A)(^(A)) (2.35) 
is called a Gervais-Neveu-Felder (GNF) twist. 

In the case of a GNF twist, the coassociator <I> is given by <l>(^^^) = JF23(A) JF23(A + /i^^^)"^ (from 
eq. (|2.32|) ) and the universal R-matrix IZ satisfies the so-called Gervais-Neveu-Felder or dynamical 
Yang-Baxter equation ||32| , ^] : 



7^12(A + /i(=^)) 7^13(A) 7^23(A + /i«) = 7^23(A) n^^{\ + h^^^) n^^ix) (2.36) 

Denoting by iTevix) an evaluation representation of 2t with evaluation parameter x, the Lax matrix 
L{x) = (TTevix) id) 71 realizes an FRT-type formalism of 2t with an evaluated R-matrix defined by 
R{xi — X2) = {nev{xi) (S> T!'ev{x2)) Ti. The RLL relations take the form 

-^12(3^1 - a;2, A + h) Li{xi, A) L2(a;2, A + h'-^^) = 

(2.37) 

L2(x2, A) Li{xi, A + h'^'^') Ri2{xi - X2, A) 

Denoting by {hi} a basis of and {h^} the dual basis, the notation A + h^''^ means ^j(Aj + hi^''^)h]^ 
if A = J2i K ^iid the superscript (k) labels the space where h acts. 
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3 Elliptic algebras 

3.1 The quantum affine elliptic algebras of vertex type 



The quantum affine elliptic algebra of vertex type Aq^p{sl2) was introduced in ||3^, |3^ and generalized 
to the sIn case in |||, |4^. The status of this algebra was elucidated in where it was shown that 
Aq^p{slN) was a QTQHA obtained from Uq{slN) by a suitable Drinfel'd twist. 



3.1.1 R-matrix of Aq^p{sl2) 

The quantum affine elliptic algebra Aq^p{sl2) is defined in the RLL formalism. The entries 
R-matrix of the quantum affine elliptic algebra Aq^p{sl2) are given by the Boltzmann weights 
eight vertex model, solved by Baxter fl^, [l^. Explicitly, this Rmatrix reads 



of the 
of the 



R[Aq,p{sl2)\{z,q,p) = p{z,q,p) 



where 



aizj 



b{z) = qz 



, Qp.iq'z') Qp2{pq') 
Qp.{pqH^) Qp.{q^) 

_i 6^2(2:^) Qp2{pq^) 
ep2ipz^) 6^2 (g2) 








d{z) 



c[z 





h{z) c{z) 

c{z) b{z) 




d{z) \ 



a{z) J 



p 



1/2 



Qp^iz') &p2{ 



Z^) 



qz'^ Qp2(pz'^) Qp2(pq'^z'^) 



with Qa{x) = {x; a)oo {ax ^; a)oo (a; a)oo- 



The normalization factor is chosen as follows p6|| : 



{p^]P^)oo 'S)p4pz^)Qp2iq^) {q^z ^■,p,q^)^ {q^z^;p,q^)^ {pz ^■,p,q^)^ {pq^z^;p,q'^)oo 



{p;p) 



6p2(g2^2) {q^z"^; p^q"^) 00 {q'^z '^■,p,q^)oo {pz'^;P, q^) 00 {pq'^z '^■,p,q^ 



(3.1) 



(3.2) 



(3.3) 



Proposition 3.1 The R-matrix (\3.:1\ ) has the following properties: 

Yang-Baxter equation: Ri2{z) Ris{w) R2z{w / z) = R2^{w / z) Ris^w) Ri2{z) (3.4) 

unitarity: Ri2{z) R2i{z~^) = 1 (3.5) 

crossing symmetry: R2i{z~'^y^ = {a^ l)Ri2{—q^^z)(a^ ® 1) (3.6) 

antisymmetry: Rui-z) = -{a^ (g) l)Ri2{z){(j^ (g) 1) (3.7) 

where cr^,cr^,cr^ are the 2x2 Pauli matrices and ti denotes the transposition in the space i. 
The proof is straightforward by direct calculation. 
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3.1.2 RLL relations for Aq^p{sl2) 

For the definition of the quantum affine elliptic algebra ^5,^(5/2), one needs to use a slightly modified 
R-matrix Ri2{z), which diff'ers from (|3.1|) by a suitable normalization factor: 

Ruiz) = T{q'/'z-')R,2{z) (3.8) 

where the factor t{z) is given by 

The function r is periodic, t{z) = T{zq'^), and Ruiz) obeys a quasi-periodicity property: 

Ri2hp'^z) = {a'(^l)(^R2i{z-')^ \a'(^l) (3.10) 

The crossing symmetry and the unitarity properties of Ru then allow one to exchange inversion and 
transposition for the matrix Ru as: 

RuizfA'' = (Ruiq'z)-')'" (3.11) 



The quantum affine elliptic algebra Ag^p{sl2) is defined as an algebra of operators 

M--)-EM")^"-(^::g tU) 

where i,j G Z2 = Z/2Z, encapsulated into a 2x2 matrix, and the functions the L++ and L are even 

while L+„ and L_+ are odd in the variable z. One first defines Aq^p{gl2) by imposing the following 
relations on L{z): 

Ri2{z/w,q,p) Li{z) L2{w) = L2{w) Li{z)R\^{z/w,q,p) (3.13) 

with Li{z) = L{z) ® 1, L2{z) = 1 L{z) and R^iz, q,p) = Ruiz, q,p* = pq''^"). 
The quantum determinant of L{z) given by 

q-detL(z) = L++{q^^z)L__{z) - L_+{q~^z)L+_{z) (3.14) 

is in the center of Aq^p{gl2)- It can be factored out, and set to the value (c being the central 
charge) so as to get 

Aq^pi^h) = Aq,p{gl2)/{q-detL- gi) (3.15) 
Note that it may be useful to introduce the following two matrices: 

L+{z) = L{qh) and L' {z) = a^L{-p^2 z)cr^ (3.16) 



They obey coupled exchange relations following from ( p.l3|) and periodicity/unitarity properties of 
the matrices Ru and R^'- 

Ruiz/w) Lfiz) Lf{w) = Lfiw) L^{z) R^z/w) 
Ruiqh/w) Lt{z) L^{w) = L^{w) L+(z) Rl^{q-^z/w) 
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Remark 3.1 A further renormalization of the modes Ln = ( — p^^"''^^^"''^^ Ln is required in order to 
get the trigonometric quantum enveloping algebra Uq{sl{2)c) from ^^,^(5/2) when p — * 0. It ensures 
the vanishing of half of the degrees of freedom in L^{z) and decouples completely L^{z) from L~{z), 
thereby keeping the same overall dimensionality [^. It is therefore a non-trivial, "discontinuous" 
procedure. □ 

Let us stress that at this level the Hopf structure of Aq^p{sl2) remains undetermined. Indeed, the 
coproduct of the L{z) generators cannot be defined by A(L) = L®L, since the R-matrices appearing 



in the l.h.s. and in the r.h.s. of eq. (3.13) differ, the values of the elliptic nomes p and p* of the 



elliptic functions ( p.2|) entering in the definition of the entries of ( p.l| ) and of the normalization factor 



being different. The answer to this fundamental question will be given in section [3.1.4. 



3.1.3 Generalization to Aq^p{slN) 

The R-matrix of the quantum affine elliptic algebra Aq^p^sl^), associated to the Z^v-vertex model, is 
defined as follows p|, H]: 



R[Aq,p{slN)]{z,q,p) = p{z,q,p) ^ W^K,a2)(^> C, ^) A"i,"2) ® Vi,«2) (3-^^) 

(ai,a2)GZ]vxZjv 

where the variables z, q,p are related to the variables ^, (, r by 



z = e'^^ , q = e'""^ , p = e^*^^ 



The functions W(^a-L,a2) ^ire given by 



(e, 'r) = Yl (^^("^ + ^1)^^ + + 7i) + 72)) (3.20) 



W^K,..)(e,C,r) = -I^^ (3.19) 

where the Jacobi theta functions with rational characteristics (71,72) € x are defined by 

7i" 

72 

and the matrices I(ai,a2) by 

/K,a2) =^?"^/i"^ (3.21) 

the NxN matrices g and h being given by gij = u^dij and hij = the addition of indices being 

understood modulo N and u = e^*'^/^. 

Finally, the normalization factor p{z,q,p) is given by 

. . ^ (g^^^-^p,g^^)oo {q'z';p,q^^U{pz-^;p,q'^U (m^^'^^^ P, g^^)oo ... 

Pl^,g,PJ ^^2N^2.p^q2N)^ (g2^-2.p^^27V)^(p^2.p^^27V)^ (p^27V-2^-2 . g27V) ^ l"^- ) 

The matrix (|3.18|) is Z^r-symmetric, that is 



r)C+s,d+s r)C,d /r, nn\ 



for any indices a,b,c,d,s G Z 



N- 
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Proposition 3.2 The R-matrix R{z,q,p) similar f\ to R{z,q,p) given by 

R{z,q,p) = (g^ g^)Riz,q,p){g-^ g'^) (3.24) 
satisfies the following properties: 

Yang-Baxter equation: Ri2{z) Ri^{w) R2i,{w/ z) = R23{w/z) Ri3{w) Ruiz) (3.25) 
unitarity: R^i^z) R2i{z^^) = 1 (3.26) 

crossing symmetry: Ri2{zY^ R2i{q~^ z~^y^ = 1 (3.27) 

antisymmetry: Ri2{—z) = lu {g^^ (g) 1) Ri2{z) {g ® 1) (3.28) 

One also introduces a modified R-matrix Ru 

Ri2{z,q,p) = TN{q^^^z-^)Ri2{z,q,p) (3.29) 

where 

r^{z) = zi^-' ' ^ 3.30 
&g2N{qz 2) 

The R-matrix R12 obeys a quasi-periodicity property: 

Rui-p'^z) = {ghg'^ (^R2i{z-^)) \ghg^^ ^ 1) (3.31) 

The function t^^z) is periodic with period g^, r^^q'^z) = r^^z), and satisfies rjv(2;^^) = tn{z)^^. 

Consider the algebra over C generated by the operators Lij{z) = Xlnez ^" where i,j G Z^, 
encapsulated into a NxN matrix: 

/ ^11(2;) ■■• LiNiz) \ 
L{z) = : : (3.32) 

y Lni{z) ■ ■ ■ Lnn{z) ) 

The algebra Aq^p[gl{N)) is defined by imposing the following relations among the L{z) generators: 

Ri2{z/w,q,p) Li{z) L2{w) = L2{w) Li{z) Rl^iz/w^q.p) (3.33) 

with Li{z) = L{z) (g) 1, L2{z) = 1 L{z) and R\2{z, q,p) = Ruiz, q,p* = pq'"^"). 
The quantum determinant of L{z) given by 

N 

q-det L{z) = J2 ^i^)llL,,^{^)i^q''^'') (3-34) 

(tGSjv « = i 

{e{a) being the signature of the permutation a) lies in the center of ^g,p(5'/^). It can be factored 
out, and set to the value q^ (c being the central charge) so as to get 

Aq,p{slN) = Aq.p{gl N)/{q-det L - q^) (3.35) 



^Two R-matrices R{z) and R'{z) are said to be similar if i?'(z) — {A®A)R(z){A®A) ^ where A is a non-degenerate 
operator in the representation space V . 
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3.1.4 Quasi-Hopf algebra structure for Ag^p{sl 



N 



Consider the affine Lie algebra sl^ with Cartan basis = {ho, . . . , h^^i, d} and dual basis S^* = 
{Ao, . . . , Aiv_i,c} where Aj are the fundamental weights, d the derivation and c the central charge. 
Let r be the automorphism of order related to the cyclic symmetry of the extended Dynkin 
diagram of sl^: r(xi) = Xj+i mod n where the Xj's denote the Chevalley generators of sl^. One 
defines 

= r O Ad (^g2(r+c)p/Af j (g gg^ 



where p = J2iLo^ ^« gives the principal grading and r is some complex number. 
One defines 

Hr) = f[Mr) = f[{f''^id){n~^)= lim f[ {^'^ ^ id){n-^) (3.37) 



n— >oo 

k>l k>l nN>k>l 



where 



'R = q'^TZ[Aq^p{slN)] with T= — (^p0c + c®p 12~^®'^) '^^•^^^ 

The arrow means that the product has to be done to the left, i.e. . . . J-'sir) ^^2(1^) 



In ref. ||48|| the following theorem was proved: 

Theorem 3.1 The vertex-type Drinfel'd twist J^{r) = Y\_(v'' ® satisfies the shifted cocycle 

k>l 

condition (hence it is a GNF twist) 

Ti2{r) (A ® id)^(r) = T2z{r + c^^^) (id ® A)^(r) 
Moreover, one has (id (8>e)jF(r) = (e ® id)jF(r) = 1. 

The quantum affine elliptic algebra Aq^p{sl n) (where p = q^'^ ) is a quasi-triangular quasi-Hopf algebra 
with the universal R-matrixTZ{r) = J^2i('") "^12 -^12^(^)7 where TZ is the universal R-matrix ofUq{sl]si). 
lZ{r) satisfies the shifted Yang-Baxter equation: 

n,2{r + c(3)) n^3{r) n2^{r + c^^)) = n2^{r) n,,{r + c^^)) n,,{r) 

Sketch of the proof (see |^ for the complete proof). J-'k{r) satisfy the following properties 

(A ® id)(J-fc(r)) = J-f 'V + c^'^)^P^ {r + c^'^ - ^ c^^^) (3-39) 

(id®A)(J-,(r)) = 4'"\r)4''^{r + ^ c^^)) (3.40) 

and 

^i''V)^iS' {r + ^ c'^yrir + cC)) = ri2>\r + c<")^13' (r + ^ e<«)^f' (r) (3.41) 
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Using equation ( p.41| ), one can prove by induction the following relation 



(2) 



l>k>l 



k>l 



X 



(23), 



l>k>l 



(2) _ 



.(2) 



2k 



(3.42) 



Letting then / oo and taking into account (|3.39| ), one recovers the shifted cocycle condition. 
Finally, (id®e)jF(r) = (e ® id)jF(r) = 1 follows obviously from (|2.2|). ■ 

Let us notice that the vertex-type Drinfel'd twist is the (unique) solution of the linear difference 
equation 

^i2(r) = Ad{^-^ ® id)(^i2(r)) • -R-^ (3.43) 
such that (id (g)e) J'(r) = (e (g) id)J^(r) = 1. 

Example. Consider the two-dimensional evaluation representation of s/2 with evaluation parameter 
z, in the principal gradation 

7r^(ei) = zei2 , TTzifi) = z~^e2i , TTzih) = en - 622 
7r^(eo) = 2:621 , T^zifo) = z'^ei2 , vr^(/io) = 622 - en 
The R-matrix of Uq{sl2) is this representation is given by [compare with ( p.20| )] 

/I \ 



(3.44) 



R[U,isl2)]iz) = 



^ q{l-z') zjl - q') ^ 



2^2 



q^z 



1 — q'^z'^ 



Q z{l-q') q{l - z^) ^ 
1 — q^z'^ 1 — q^z"^ 

V 1 / 



(3.45) 



where the normalization factor p{z) is given by ( |2.21| ). 

One sets F{z;p) = Ad{zP id)jF(r) {p and r being related as above). Using the expression ( |3.45| ) of 
the R-matrix of ^^(5/2) and the definition ( |3.37| ) of the Drinfel'd twist, one gets |^ ^ 

/ apiz) dpiz) \ 

bpiz) cpiz) 

cf{z) bpiz) 

\ dpiz) apiz) j 



F{z;p) = Pf{z\p) 



(3.46) 



where 



ap^z) ± dp^z) 
hpiz) ± cpiz) 



{TP^^'^qz;p)oo 
iTP^/'^q-'^z;p)c 

iTpqz;p)oo 
{Tpq~^z]p)oo 



and the normalization factor is 



Pf{z]p) 



{pz'^;p,q^) 00 {pq^z'^;p,q 



(3.47) 
(3.48) 

(3.49) 



ipq^z^;p, g4)2^ 

Now, computing the product F2i{z^^; p) R[Ug{sl2)]{z) Fi2{z; p)"^ , one recovers the expression (|3.1j ) 
of the R-matrix of .4g 0(5/2). 
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3.2 The quantum afiine elliptic algebras of face type 
3.2.1 R-matrix of the afSne elliptic algebra Bq^p^\{sl2) 

The face-type R-matrices depend on the extra parameters A belonging to the dual of the Cartan 
algebra of the underlying algebra. Let c, d] be a basis of the Cartan subalgebra of sl2- If t", s, s' 
are complex numbers, we set A = \{s + l)h + s'c + (r + 2)d. The elliptic parameter p and the 
dynamical parameter w are related to the deformation parameter q hy p = g^^, w = q^^ . The 



R-matrix of Bq^^^xish) is |||, H 

R[Bq^p^x{sl2)]{z,\) = p{z;p) 



/ 1 \ 

b{z) c{z) 

c{z) biz) 

\ 1 / 



(3.50) 



where 



b{z) = q 



b{z) 
c{z) 
-c{z) 

The normalization factor is 

p{z;p) = 



(pw~^g^;p)oo {pw~^q~'^;p)oo Qpjz) 
{pw-^;p)l^ Qpiq^z) 
{wq^]p)oo {wq-'^;p)c 



{'w;p)lc 

Qp{q^) Qp{wz) 



Qp{q^z) 



(3.51) 



Qp{w) Qpiq^z) 
Qpjq') Qp{w-'z) 
&p{w-') Qp{q'z) 

[q^Z] p, q^)l^ {pz-^;p, g^)oo {pq'^z-^;p, q^). 



/oo 



(^;p,g'')oo (g''^;p,g'')oo {pq'^z ^■,p,q'^ 

The elliptic algebra Bq^p^x{sl2) is then defined by 

Ri2{zi/z2, X + h) Li{zu A) L2{z2, A + h^^^) = ^2(^2, A) Li{zi, A + /i^^)) R,2{zi/z2, A) 



(3.52) 



(3.53) 



3.2.2 Generalization to B, 



Let be the Cartan subalgebra of the affine Lie algebra sIn, with basis {hi} and dual basis {h^}, 
and n° = {ao, . . . , ajv-i} be the corresponding simple root system of sIn- We set A = p + Sihi + 
. . . + SAr_i/ijv„i + (r + A^)(i + s'c where p G i3 is such that (p, ctj) = 1. The R-matrix of the quantum 
affine elliptic algebra Bq^p^\{slN) takes the following form (1 < a,b < N) ||32| : 



i?[i3q,p,A(s/iv)](2, A) = p{z;p)(^^Eaa ® Eaa + ^ q 



2 0p(g "^Wab) Qp{z) p „ p 



0p(wafe) 0p(g^2;) 



&p{wab) Qpiq'^z) 



(3.54) 
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where the Eat are the elementary NxN matrices with entries {Eab)l = SaiSjb, Wah = g^""^'', Xa = 
2sa — 2sa-i with by convention Sq = = 0- 
The normalization factor p{z) is given by 



The R-matrix of Bq^p^x{slN) used in |^] is obtained from (|3.54|) by a similarity transformation. It 
reads 



R[B,,pAsIn)]{z, A) = p{z; p) [J2e,,^ E,, + ® ^' 



{pw'b ; P) oo {pw~f^q~'^;p) oo 



^h' — ^^^rti — ^m^"''^'*! 

3.2.3 Quasi-Hopf algebra structure for Bg^p^xislj^) 

One considers the following automorphism of ^^(s/tv), where A G 

= Ad(g^»'^»^-+2(A-p)j (357) 

One defines the face-type Drinfel'd twist by 

^(A) = n-^fc(A) = n(^^'®id)(^-i) (3.58) 

where TZ = q^TZ and T = hi® . 



k>l k>l 



In ref. ||48|| the following theorem was proved: 

Theorem 3.2 The face-type Drinfel'd twist J^(A) = ]^(v^'' ® satisfies the shifted cocycle 

k>l 

condition (hence it is a GNF twist) 

Ti2{\) (A ® id)T{X) = ^23(A + h^^y) (id®A)^(A) 
Moreover, one has (id (8'e)JF(A) = (e ® id)jF(A) = 1. 

The quantum affine elliptic algebra Bq^p^\{slN) is a quasi-triangular quasi-Hopf algebra with the uni- 
versal R-matrix 7?.(A) = J^2i(A) 7?.i2 J^i2^(A), where TZ is the universal R-matrix oflAq{slN). TZ{X) 
satisfies the dynamical Yang-Baxter equation: 

^12 (A + :^i3(A) :^23(A + h^'^) = ^23 (A) :^i3(A + h'^'^) TZuiX) 
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The proof follows the same lines as for the vertex case. In particular the equations ( p. 391 ) to ( p.42| ) 
have the same form with the replacement r ^ A and c ^ h. 

Let us emphasize that the face-type Drinfel'd twist is the (unique) solution of the linear difference 
equation 



J-i2(A) = Ad(^-^ ® id)(^i2(A)) ■ 



(3.59) 



such that (id®e)jF(A) = (e ® id)jF(A) = 1. The importance of this equation will be pointed out in 
the example just below. 

Example. In the two-dimensional evaluation representation for s/2 in the homogeneous gradation 
eq. (|2.19|) , one sets F{z;p,w) = Ad{zP id)jF(A). Unlike the vertex case, using the expression 
(|2.20|) of the R-matrix of Uq{sl2), the infinite product (|3.58| ) defining the face-type Drinfel'd twist 
cannot be evaluated directly. In fact, equation ( |3.59|) is the only way to obtain the solution. In 
the two-dimensional evaluation representation under consideration, the linear difference equation 
becomes 



1 1 11, 



Fi2{pz;p,w) = di<ig{l,l,w,w) Fi2{z;p,w)di<ig{l,l,w \w ^)diag(g2,g 2,g ^ ^q^^) Ri2{pz;p,w) 

(3.60) 

Therefore, each entry of Fi2{z;p,w) satisfies a difference equation of hypergeometric type. One gets 
finally 

/I \ 

Xn(^) Xuiz) 



F{z;p,w) = pf{z;p,w) 



X2i{z) X22{Z) 

\o 1 y 



(3.61) 



where 



Xn{z)=2Fi 



2 2 
wq q _2 
■,p,pq z 

w 



1 — w 



yjg2 2 

■,p,pq z 



1 — pw ^ 



pw ^q^ pq^ _2 



(3.62) 



X22{Z) = 2F1 

and the normalization factor is 



— 12 2 

pw q q o 

-1 ',P,P<1 z 
1 



Pf{z;p) 

The g-hypergeometric function 2F1 

2F1 



{pz;p,q^)oo ipq'^z;p,q^ 



{pq^z; p, q 



i\2 
00 



(3.63) 



q°- q^ 



q,z ] is defined by 



q" 

c 



q- 



n=0 



(g'^;g)n(g';g) 



iq"; q)niq; q) 



(3.64) 
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Computing the product F21 (2; ^■,p,w)R{z)Fi2{z;p,w) ^, where R{z) is the R-matrix of ^^(5/2) given 
by (|2.20| ), one recovers the expression (|3.50|) of the R-matrix of Bq^p^\{sl2). 

This example shows that the linear equation (|3.59|) indeed plays a crucial role. This kind of linear 



equation was first introduced in [2^ in the context of complex continuation of 6j symbols. It was 
then exploited in in the determination and the proof of convergence of the dynamical Drinfel'd 
twists for quantum groups based on finite-dimensional Lie algebras. 

Remark 3.2 In the face case, the whole construction generalizes without difficulty to any Kac- 
Moody affine algebra g. being a Cartan subalgebra of g, one defines the Drinfel'd twist J^{\) by 
formula ( p.58| ), where TZ is the universal R-matrix of the quantum affine algebra Uq(^). The proof 
of the cocycle condition follows the same lines as in the Bq^p^\{slN) case. Hence one can define a 
quantum affine elliptic algebra Bq^p^\(^) for any Kac-Moody affine algebra g. 

One can notice that the situation is rather different in the vertex case. Indeed, a cyclic automorphism 
of the simple root system of g of order r = rankg arises in the definition of the vertex-type Drinfel'd 
twist ( |3.37| ), which exists only in the sl^ case. □ 

3.3 Degenerations of the quantum affine eUiptic algebras 

3.3.1 Scaling limit procedures 

The so-called scaling limit of an algebra will be understood as the algebra defined by the scaling limit 
of the R-matrix of the initial structure. It is obtained by setting in the R-matrix p = q"^^ (elliptic 
nome), w = (dynamical parameter) and z = q^ (spectral parameter) with g — > 1, and r, s, u being 
kept fixed. The spectral parameter in the Lax operator is now to be taken as u (which becomes 
additive). The R-matrices obtained from the scaling limits of the R-matrices of the quantum affine 
elliptic algebras of vertex or face type will be discussed in section 4. It will be shown that the 
corresponding algebraic structures appear to be deformations of double Yangians, and that these 
deformed double Yangians are indeed quasi-triangular quasi-Hopf algebras. 

3.3.2 The Sklyanin algebra 

The Sklyanin algebra ||6^, is constructed from Aq^p{sl2) taken at c = 0. The R-matrix can 
be written as 

3 

R{z) = 1^1 + J2^c.{z)aa®cra (3.65) 

a=l 

where aa are the Pauli matrices and Wa{z) are expressed in terms of the Jacobi elliptic functions. A 
particular 2;-dependence of the L{z) operators is chosen, leading to a factorization of the 2;-dependence 
in the RLL relations. Indeed, setting 

3 

L{z) = So + J2^c.{z)S^a^ (3.66) 
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one obtains an algebra with four generators S°' (a = 0, . . . ,3) and commutation relations 

[So, Sa] = —iJisy^SpS^ + S^Sjs) 



(3.67) 

[Sa, Sp] = i{SoS.y + S^Sq) 



where Jafi = ]~ ^i /^i ^ ^'^^ cyclic permutations of 1, 2, 3. The structure functions J^p 

are actually independent of z. Hence we get an algebra where the 2;-dependence has been dropped 
out. 

3.3.3 The dynamical algebra a(0) 

Let be a finite-dimensional complex simple Lie algebra, with symmetrized Cartan matrix (A^J™) 
and inverse A^'^"^~^ = (dij). Let ^ be a Cartan subalgebra of q with basis {hi} and dual basis {/i^}. 
The positive root system 11+ of q is endowed with a normal ordering -<, i.e. if a, /3, a + /3 G 11+ and 
[a, P] is a minimal segment containing a + P, one sets a -< a + /? -< /3. The universal R-matrix of the 
quantum universal enveloping algebra Uq{g) is given by 

^[^.(0)] = ( n ^7)^ (3.68) 

7en+ 

where the arrow means that the product has to be done with respect to the normal ordering -< 
defined on n"*" and the factors TZ^ and /C are given by 

= expg-(^.^) - (g - q'^)e^ ® (3.69) 

e^, are the root generators associated to the root 7 G 11+ and fC = q^^ii'^^i^^'^'^i , 
Let us enounce the following theorem. 

Theorem 3.3 {see refs. 0, Q) Let (j) = q^ii'^'^^'^^'^'^^i'^'^^^ where Si are complex numbers. The 
linear equation m 21 C?) 21 

J" = Ad{(j)-^ ® 1){J^) K-^niC (3.70) 

has a unique solution in (Wg(?B+) ®lAq{^')Y , with projection 1®1 on {Uq{S^)®'^Y , where the super- 
script c denotes a suitable completion. It is expressed as 

T = Kr^TKi where T = ^M{(^ ® \f (n-"-^ (3.71) 

This solution satisfies the shifted cocycle relation 

J^i2iw)iA ® l){J^{w)) = J-23(Mig^"'")(l ® A){J^{w)) (3.72) 

with w = (wi, . . . ,Wrg) = = (g''^ . . . ,g''''B) G , wq^^ = {wiq^^ , . . . ,Wr^q^^^) and h^ = J^j^ijhj. 
Hence O^iw) is a GNF twist. 
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The twist leads to the R-matrix TZ = J^2iTlii^i2 which defines the algebra denoted Bq^\{Q). 

Elements of proof. Expanding the product formula ( p.68|) with respect to a Poincare-Birkhoff-Witt 
basis ordered with -<, TZ reads 

a = 7^/C-l = 10 1+ J2 e'" ® f'" (3.73) 



where Z = Map(n"'", N) and Z* = Z \ {{0, . . . ,0)}. The term e™ (resp. f"^) denotes an element of 
the PBW basis of the deformed enveloping nilpotent subalgebra Wg(A/'+) (resp. Uq{M~)). Under the 
assumptions of the theorem, 

^ = 1 ® 1 + i^priw) eP ® r (3.74) 

{p,r}G(2*)2 

where the v^pr(w) belong to C[[si, ..,Srg,Si^, ..,s~^,h]] (S> (Uq{S))'^'^Y . They are defined recursively, 
using (pD, by 

k+Tn=p 
l+m=r 
m^O 

In the above equation, jp is the element of the root lattice associated to e^. The scalar product 
( ■ , ■ ) is given by (x, y) = J2i j ^ij"^^iyj- The numbers a^"^ and 6^™ are defined by 

gfegm _ ^aJ'"eP and f'f"* = ^6^""^ (3-76) 



Example. In the fundamental representation for = 5/2, we get for the expression of the twist 

F{W) = 1 ® 1 + "^^^"^ ^12 ® ^21 



1 — w 



The R-matrix of Bq^\{sl2) is then given by 

/ 1 




R[Bq^x{sl2)]{w) = q 



-1/2 










l-g2 

w{l — q^) q{l — wq^){l — wq^"^) 



1 — w 











1 



(3.77) 



(3.78) 



3.3.4 Non-elliptic limits 

Starting from the R-matrix of Bq^p^x{sl2), and taking the limit p ^ 0, one gets a R-matrix with still 
a dynamical dependence, which defines the algebra Wq A('5/2)- It reads 

/ 1 o\ 

q{l-z) {l-q^){l-wz) 



R[Uq,x{sl2)]{z,w) = p{z) 







1 — q'^z 



[l-q^z){l-w) 







^ (l-g^)(^-w) q{l-z) {1 - wq^){l - wq-^) ^ 

(1 -g2^)(l -w) (l-q'^z) (l-u;)2 
1 



(3.79) 
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The normalization factor is 



P(-) = (3-80) 



oo 



This algebra can be seen as a dynamical version oiUq{sl2). This can be easily generalized to any 
Kac-Moody (untwisted) affine algebra g. The Hopf structure of these algebras Uq(^) is determined 
by the following proposition. 



Proposition 3.3 The twist ^3. 71\) applied to the universal R-matrix ofUqCg) leads to the R-matrix 
of a QTQHA denoted Ug^xio) ■ 



Proof. Using the fact that is a Hopf subalgebra of the twist ( p.71| ) can be used to 



construct the dynamical algebra Uq^x{g). Indeed, the twist (|3.71|) seen as an element of 
satisfies the shifted cocycle condition, yielding a dynamical R-matrix 



^c/,.a(0)(^) = ^2i{w) 7^c/,(0) J^uM (3.81) 



Proposition 3.4 The evaluation representation of TZu^ ^(^){w) for q = sl^, is identified with the 
p limit of the evaluation representation of the elliptic Bq^p^x{slN) R-matrix /\3.54\ )- 

Proof. Direct computation of the matrix elements Rilf^ of the R-matrix of Uq^\{slN) < o.-,h < N) 
gives: 

{l-q^){l-WabZ) 



Eab ® Eba 



l-q^z ~f (1 - 1 z) (1 - WabV ^ 



a<b a>b 

the normalization factor being given by 



We recognize the limit p — of the R-matrix ( p.54| ) . The R-matrix ( |3.82| ) satisfies the dynamical 
Yang-Baxter equation ( |2.36| ). ■ 



4 Double Yangians and related structures 

4.1 Yangians 

4.1.1 Definition of the Yangians 

Let g be a finite-dimensional complex simple Lie algebra and consider q[u\ = g (g) C[m], where C[m] is 
the ring of polynomials in the indeterminate u (by misuse of language, we will call q[u] the half-loop 
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algebra of g). g[u] is endowed with its standard bialgebra structure 6 : q[u] g[u] ® q[u] defined by 
(note that g[u] ® g[u] is isomorphic to (g ® g)[M, f] where f is a second indeterminate) 



C 



U — V 



(4.1) 



where C is the second order tensorial Casimir element of g associated to a given invariant bilinear 
form on g (for example the Killing form). 

Let C[[^]] be the ring of formal power series in the inderterminate h. Then there exists a unique 
quantization Unio) of {q[u], 6) which is a graded Hopf algebra over C[[^]], the gradation being defined 
by setting deg h = 1 ||2^, i.e. 

(4.2) 



Uhidlu]) / hUfi{g[u]) ~ U{q[u]) as graded algebras over C 



and 



l(A-A°P)(x) 



mod h 



mod.) for X e Un{Q[u]) (4.3) 



W;i=i(g) is a Hopf algebra over C, which is called the Yangian of g and is denoted by Y{q). It has 



been introduced by Drinfel'd in ref. 



There exists for the Yangian ^"(g) three different realizations, due to Drinfel'd ||2^, ^ |2^. In the 
first realization the Yangian is generated by the elements Jq of the Lie algebra and a set of other 
generators J" in one-to-one correspondance with Jq realizing a representation space thereof. The 
second realization is given in terms of generators and relations similar to the description of the loop 
algebra as a space of maps. However in this realization no explicit formula for the comultiplication 
is known in general. The third realization is obtained in the FRT formalism. 

4.1.2 FRT formalism for the Yangians 

The Yangian Y{q) can be constructed in the FRT formalism as follows. 

Let U{R) be the algebra generated by the operators T^n), for l<i,j<N,n^N, encapsulated into 
a NxN matrix {Eij G End(C^) are the standard elementary matrices) 



N 



N 



Tin) 



neN 



(4.4) 



i,j=l nd 



and T^Q-) = 6ij, imposing the following constraints on T{u) 

Ruiu - v) Ti{u) T2{v) = T2(f ) Ti(m) Ruiu - v) 
where Ru is a NxN matrix which is a rational solution of the Yang-Baxter equation. 



(4.5) 



The Hopf algebra structure of U (R) is given by ||30 



N 



A{r^{u))=Y,T'\u)®T^^{u) ■ S{T{u))=T{u)-^ ; e{T{u)) = l^ 



(4.6) 



k=l 
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In the case of g = sl{N), the matrix Ri2{u) is given by 



R{u) =In + - (4.7) 
u 



where Iat is the NxN unit matrix and P = Eij (g) Eji is the permutation matrix. The explicit 
commutation relations between the generators T^i^-^ read (m, n > 0) 

\rpij rpkl 1 \rpij rpkl 1 _ rpkj rpU rpkj rpU / , q\ 

' ^ (n)J (m) ' ^ (n+l)J - ^ (n) ^ (m) ^ (m) ^ (n) l^^-Oj 

The quantum determinant of T{u) defined by 



AT 



q-det T{u) = ^ T''"^'^ {u- N + i) = J2 Cn^"" (4.9) 

o-GSiv i=l neN 

where e{a) is the signature of the permutation a, lies in the center of U{R) ||6^. Moreover, the center 
of U{R) is generated by the coefficients c„ and one has A(q-detT(M)) = q-det T(u) (S) q-det T(m). The 
Yangian Y{sl{N)) is then identified as the quotient algebra W(i?)/ (q-det T(m) — l). 

In the case of g = so{N) or sp{N), the matrix Ruiu) take the form p, ^ Q 



where Iat and P are defined as above and K = "^f.^i U^jEjt ® Eji with i = N + 1 — i. For so{N) 



ej = 1 for all i, while for sp{N) with = 2n, ej = lifl<2<?T, and = — 1 if n + 1 < i < A^. The 
commutation relations between the generators T^^^^ become now 

Trpij rpkl 1 frpij rpkl 1 _ 9 frptj rpkl 1 ^ [Tnii T^fc/ 1 , ^ [Tnij T^fe/ 1 

L^(m+2)' ^(n)J L^(m)' ^(n+2)J " (m+1) ' ^ (n+l) J (m+1) ' ^ (n)J + (m) ' ^ (n+1) J 

I rpkj rpil _ rpkj rpU _ rpkj rpil , rpkj rpil , rpkj rpU _ rpkj rpil 

(n) ^ (m+1) (m+1) (n) (n+1) (m) "T ^ („) ^ (n+1) ^ („) ^ (m) l^-^ (m) (n) 

+ X] (^»^ (^(m+l)^(n) - T''^^n)^ln+l)) " ^jrefCj (r(^')T(*4+i) - j (4-11) 

r 

where m,n > —2 and by convention T^*^^ = for n < 0. 

The operators generated by C^^{u) = 'Ylik^i^kT^^{u — k) T^^iu) are such that C^^{u) = Sijc{u). The 
element c{u) lies in the center of U{R) and satisfies A(c(m)) = c{u) ®c{u). It generates a Hopf ideal. 
The Yangian 1^(0) is then given by the quotient algebra U{R) / (^c{u) — l). 

4.1.3 Drinfel'd second realization of the Yangians 

The Yangian Y{q) is isomorphic to the associative algebra over C with generators ej^„, /j „ and /ij „, 
where i = 1, . . . , r (r is the rank of q) and n G N, and defining relations 

\!^i,mi ^j,n\ \^i,mi fj,'n\ ^ij^i^m+n 

[^i,0; ^j,'n\ "^O^ijCj n [^j,0) fj,'n\ '^Oiijfj,n 

(4.12) 

[^i,m+l5 fj,n\ [^i,m; fj,n+l\ (^ij\J^i,m) fj,n\ 

[Ci,m+1 ; [*3i,m) 6j,n+l] (^ij\_^i,mi ^j,n\ 

\fi,m+li fj,ri\ [/i,m; fj,n+l\ Otij{_fi,mi fj,n\ 
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and for i ^ j with riij = 1 — Aij 



/.,n]]] = 



(4.13) 



where aj-, = I^^J™ and (A^J*") is the symmetrized Cartan matrix of q properly normahzed, as 
explained in section p.l.2| . 

Unfortunately the Hopf structure for this presentation of the Yangian Y{q) is not explicit and no 
formula for the comultiplication of the generators ej,„, and is known in the general case. In 
the case of s/2, in terms of the generating functions (the index i is omitted), 



e ' (M) = > CfeU 

A:>0 



-k-l f+ 



kU 



(4.14) 



A;>0 



fc>0 



the explicit formulae for the Hopf structure take the form |65 



\k+l 



A(e+(M)) = e+(M) ® 1 + ^(-1)'=(/+(m + 1))'/i+(m) ® (e+(u))* 

A;=0 

00 

A(/+(n)) = 1 ® /+(n) + Y^{-l)\f+{u))'+^ ® h+iu){e+{u + 1))^ 

fc=0 

00 

A{h+{u)) = ^(-l)'(A; + 1)(/+(m + 1))'^/i+(m) ® /i+(M)(e+(M + 1))^ 



(4.15) 



k=0 



for the coproduct, 

S{e+{u)) = -{h+{u) + f+{u + l)e+(M))"' e+{u) 

Siriu)) = -t{u) [h+{u) + /+(n)e+(n + 1))"' (4.I6) 
S{h-^{u)) = {h+{u) + f+{u + l)e+{u)y^ (1 - f+{u + l){h+{u) + f+{u + l)e+(n))"'e+(n)) 

for the antipode, and 

e(e+(M)) = e{f+{u)) = e{h+{u)) = 1 (4.17) 

for the counit. 

The link between the FRT formalism of the Yangian and the Drinfel'd second realization of the 
Yangian is given in the s/2 case by the following Hopf isomorphism: 



(4.18) 



The corresponding result for the sIn case is rather cumbersome and is explicited in Note that 
the Hopf structure ([4.6|) and the isomorphism ([4.18|) - or its generalization - allows one in principle 
to derive equations ( |4.15| )- (|4.17| ). In practice this seems tractable in the s/2 case only. 
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Remark 4.1 Following a remark of Drinfel'd the commutation relations ( ^4.121 ) of the Yangian 
can be obtained by the following construction, relying on the fact that Y{q) ~ A/ HA where A is 
a suitable subsalgebra of Uq(g.)c=o ® and q = e^. Consider the Drinfel'd basis of 

(see section |2.1.3|) with generators /Ci,„, (with 1 < z < r and n G Z) satisfying the commutation 
relations ( p.l6|) and set C = e'^ = 1. One defines for n non-negative integer [the following calculations 
are due to A.I. Molev] 



k=0 



(4.19) 



,k+e 

-1 



which satisfy 



'^n =^'^n+l and Hi^n = hH^^n+l +W (4.20) 



±(0) , (0) 



Then the commutation relations between the generators Xf^ and „ (n G N) in the quo- 
tient A/hA are equivalent to the commutation relations of the Yangian Y{q) with the identification 

Xil„ ^ a; „ ^^ /i .„ and 7Yi,„ ^^ hi^n- □ 

4.2 Double Yangians 

4.2.1 Notion of quantum double 

Let 21 and 21' be two finite-dimensional Hopf algebras and 71 an invertible element of 2t 21' such 
that 

( ® id) (7^) = 7^l3 7^23 (^'^ ® id) (7^) = 7^-^ 

(4 21) 

(id ®A'^')(7^) = 7^l2 7^l3 (id ®5'^')(7^) = 7^-l 

Then 2t' ® 21 is also a Hopf algebra with coalgebra structure given by (a' Cg) a G 21' ® 2t) 

coproduct: A(a' ® a) = 7^23 A%ia') Af^ia)^^^ (4.22) 

antipode: 5(a' O a) = 7^2l^ (5^' (a') ® 5^(a)) 7^2l (4.23) 

counit: e(a' ® a) = e*(a') e^(a) (4.24) 

This Hopf algebra is denoted 21' ® 21. 

7?. 

Let 21 be a finite-dimensional Hopf algebra, 2lop be the Hopf algebra with opposite multiplication 
'^op = moa, 2l°P be the Hopf algebra with opposite comultiplication A°p = aoA and 21* be the dual 
Hopf algebra of 21. One denotes by {flj} a basis of 21 and by {a*} the dual basis of 21*. Consider the 



element 7^ G 2top ® 21* given by 7^ = a* ® a*- Then 7^ satisfies (|]2T]). It follows that 21* (g) 2top is 
a Hopf algebra as described above. 
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Proposition 4.1 The algebra VQl = (21* ® Stop)* is a quasi-triangular Hopf algebra (isomorphic to 

n 

21® (2t*)°P as a coalgebra), called the quantum double ofOi. The universal IZ matrix ofV^ is given 
by the canonical element o/2l ® (21*)°^ C P2t ® T>Ql associated to the identity map 21 — > 21. 

Remark 4.2 In the case where 21 is an infinite-dimensional Hopf algebra (which is the case we 
are hereafter interested in), one has to face with some difficulties ||2l|. Indeed, when 21 is finite- 
dimensional, the multiplication /i of 2t induces the comultiplication on 21* by /i* : 21* — ^ 21* 21* C 
(21 21)*. When 21 is infinite-dimensional, it might happen that /i*(2l*) ^ 21* Cg) 21*, which prevents 
one from endowing the dual algebra 21* with a canonical dual Hopf structure. One way to escape 
this problem is to introduce the notion of (non-degenerate) pairing of two Hopf algebras. A Hopf 
pairing ( , ) : 21 (S) 21' — > C between two Hopf algebras 21 and 21' is a bilinear map such that for all 
Oi, 02 G 21 and a'l, a'2 G 2t' 

{lJ,^{ai®a2),a) = (oi (g) 02, A*(a')) {a, jj"^' {a[ ® a^)) = (A^(a), a'^ O 4) 

{S^{a), a') = {a, S^' {a')) (e^(a), a') = (a, i^'(a')) (t^(a), a') = (a, e'^'(a')) ^'^''^^^ 

and (ai (g) 02, a'l ® a'2) = (ai, a'^)(a2, 03). 

When 21 is finite-dimensional, eq. (|4.25|) is equivalent to have 21' = 21*. When 21 is infinite- 
dimensional, this is however a weaker statement. 

In the case of a quantum double, it may be convenient to slightly modify these equations to work 
with the opposite comultiplication on the second Hopf algebra. □ 

4.2.2 Definition of the double Yangians 

Although the Yangian Y{q) is a Hopf algebra, it is not quasi-triangular. In order to get a quasi- 
triangular Hopf algebra, one has to construct the quantum double VY{g) of the Yangian Y{q). The 
double Yangian VY{q) is generated by the generators ej^„, fi^n and where z = 1, . . . , r (r is the 
rank of g) and n G Z, satisfying the relations ([4.12|) . It is convenient to write the commutation 



relations of the double Yangian by introducing the following generating functionals: 

efiu) = ±J2 e^,kU-'-' , ftiu) = ±J2 ^ hfiu) = l±Y^ KkU'''-' (4.26) 

fc>0 fc>0 k>0 

k<0 k<0 fc<0 

and ei{u) = efiu) - er(n), /,(«) = /+(«) - f,^{u). One gets 

ei{u) ej{v) 
fi{u) fj{v) 





e 


u — 


V - aij 


u — 


V - aij ^ 


u — 


V + aij 


u - 


- V + aij 


u - 




- V - aij 


u - 


- V — aij 



[ei{u), fj{v)\ = 6ij {6{u - v)hl{u) - 6{u - v)h-{v)) 
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and for i ^ j with riij = 1 — Aij 

[eiK(i)), [eiK(2)), • • • , [ei(M^(„,^.)), ej{v)]]] = 
' (4.28) 

[/iK(2)), • • • , [/iKK,)), fj{v)]]] = 



'J 



where aij = ^^^J™ and 6{u — v) = J2nez'^ " 

The double Yangian VY{g) is described as follows |6^. Let be the algebras generated by the 
generating functionals ef{u), f^{u) and hf{u). One has = Y{q) C 'DY{q) and the dual with 
opposite comultiplication 1^(5)°^ — Y~ (more precisely a suitable formal completion of it). The Hopf 
pairing between the generators of Y^ and those of Y~ is given by 

{et{u)jri^v)) = ^ {ftiu),ejiv)) = ^ {hi (u) , hj (v)) = ^^^^^±^ (4.29) 

4.2.3 Universal R-matrix of the double Yangian VY{q) 
Universal R-matrix for (s/2) 

Being a quantum double, VY{g) is naturally endowed with a structure of quasi-triangular Hopf 
algebra and admits a universal R-matrix. In the case oiVY{sl2), the following decomposition of the 
universal R-matrix has been proved 

n[DY{sl2)] = TZe Uh TZf (4.30) 

where 

= J]^ exp(-efe (g) f-k-i) , = n ^^P(~/'^' ® e-fc-i) ' (4-31) 

fc>0 A;>0 

TZh = Y[explj2{- ^^^^+('^)) ® (ln/i-(x + 2fc + 1)) J (4.32) 

fc>0 \n>0 " ""^ / 

Universal R-matrix for VY{slj\f) 

In the case of VY{sliy), the same kind of decomposition of the universal R-matrix takes place 

7^[W(s/^^)] = TZe TZh Tip (4.33) 

Unfortunately, although the factor TZh has been rigorously derived, the factors TZe and Tip remain 
only conjectured ||60|. The factor Rh is given by 



nH = l[exp( J2 I](-^ln/i,,+ (M))^® (c,,(r^)lnV(x + iV(A; + i)))_^_J (4.34) 



d 

I- 

fc>0 \i,j=l,... ,r n>0 



Let A'^y"^{q) be the quantum analogue of the the symmetrized Cartan matrix of sl^, i.e. y4*J™(g) = 
[A^J™]g. The matrix C{q) is defined by C(g) = [N]g {A'y"'{q))-\ The operator T = exp{d/dx) is the 
shift operator, Tf{x) = f{x + 1). 
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In order to write the expression of the factors TZe and TZp, one needs to fix some notations. Let E 
and F be the unital subalgebras of VY{sIn) generated respectively by the generators ^ {k > 0) 
and fi^k {k > 0). Let 11 and 11+ C 11 be the root and positive root systems of sIn and 11 = 
{7 + n(5 , m6 | 7 G 11 , n, m G Z , m 7^ 0} be the root system of sIn- One defines the following two 
subsets of H: n^; = {7 + n5 | 7 G 11+, n G N} and Up = {-7 + ra5 | 7 G 11+, n G N}. He and 11^ are 
equipped with two orderings <e and <f such that 

6 <E ^1 + 6 <E 6 if ^1, 6, ^1 + 6 e and 7 + n5 <£; 7 + m5 

6 <F 6 + 6 <F 6 if 6, 6, ^1 + 6 e IIf and - 7 + n5 >f -7 + "^(^ 

where 7 G 11+ and n < m. 

By induction, for any root ^ = '-^ + n5 & He (resp. ^ = —7 + nS G Hi?), one constructs the roots 
generators = e^,„ (resp. and = _„ (resp. _„) by 

e€ = [ea>e^2] and e_5 = [e.^^, e_5J (4.35) 

where ^1 <e ^ <e ^2 (resp. ^1 <f C, <f ^2) and (^1,^2) is a minimal segment in the chosen ordering. 
Then the factors TZe and Tip of the universal R-matrix oiVY{sli^) have been conjectured to be [|60|] : 



TIe= Y\. exp(-eT,,„ ® f^-n-i) (4.36) 
T^F = J]^ exp(-/-y,„ (g) _n-i) (4.37) 

7GA+,nGN 

where the arrows correspond to ordered products according to <e and <f respectively. 
Using the following A^-dimensional evaluation representation with evaluation parameter u 

TTuiCi^k) = (u + |(i - 1))'= 

7iu{fi,k) = {u + 1(2 - 1))^ (4.38) 

7ru{hi,k) = {Ei^i - ^i+i,i+i) {u + |(i - 1))^ 

the represented R-matrix of VY{sIn) takes the Yang form up to a normalization factor 

R[VY{sIn)]{u) = p{u) i^Yl ® + a ® + Eab ® ^ba)") (4.39) 

with 



vl<a<Af l<a^6<Af 





A^) ri(M + A^|iV) 


ri(M + 1 


A^) ri(M + iv 


- 1 


N) 



4,2.4 Central extension 'DY{q)^ of the double Yangian 'DY{q) 

The double Yangian VY{q) admits a central extension VY^q)^ ||53|. It is generated by the generators 
n, fin and hi n where i = 1, . . . ,r (r is the rank of q) and n G Z, a central element c and a grading 
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operator d. In terms of the generating functionals ( |4.26| ), the relations between the generators read 

ei{u)ej{v) 

hf in) e,{v) = ^^^^e,{v)hf in) 





e 


u — 


V - aij 


u — 


V - aij ^ 


u — 


V + aij 


u - 


- f + aij 


u - 




-V - aij 


u - 


-V - aij - 


u - 


-V + aij - 


u - 


-V- aij 


u - 


- V + aij 


u 


-v + aij 


u 


-V- aij 



hf{u) /,(.) = : : , 7^ ""j^i m hf{u) (4-41) 



aijC 



Kin) f,{v) = m h-{u) 

hf{u) hjiv) = ^ ' - -v-a,,-a,,c + 



[ei{u), fj{v)] = 6ij {6{u -V ~ aiic)hf{u) ~ 5{u - v)h.- {v)) 
together with the Serre-type relations (fl.28|) . The action of the grading operator is given by 



[d, ei{u)\ = ^ e,{u) [d, Mu)] = ^ Mu) [d, hf{u)] = ^ hf{u) (4.42) 

As the double Yangian VY{q), the central extension of the double Yangian VY{q)^ exhibits a struc- 
ture of quantum double ||53|. Let Y^ = ® C[c] and Y~ be the semi-direct product of Y~ with 
the ring C[[d]] of formal power series in d. Y^ are Hopf algebras with A(c) = c(S)l + l(S)c and 
A{d) = + The Hopf paring on Cg)F^ is uniquely extended onto Y^ ®Y^ by (c, d) = 1. 

In the case, the universal R-matrix of VY{sl2)^ decomposes as 

n[VY{sl2)^] = TZe TZh exp(c O d) Tip (4.43) 



where TZe, Tip and TZh are given by ( |1.31|) and (|4.32|) . 

In the two-dimensional evaluation representation with evaluation parameter u, vre^,(u)(efc) = E^u^, 
T''ev{u){fk) = E21 , TTev{u){hiS) = {E11—E22) , T^eviu){c) = 0, the evaluated R-matrix -Ri2(mi—M2) = 
(jTev^Ui) ®7reviu2)) ^[^^(■5^2)c] IS identified with ( |4.39| ) with the normalization factor (|4.40|) (taking 
= 2). In the FRT formalism, T>Y{sl2)^ is then defined by the relations 

Rl2{Ui - U2) Lf{ui) Lf{u2) = Lf{u2) Lf{u2) Ri2{ui - U2) 

{AAA) 

Ruiui -U2-c) (mi) L^{u2) = L^{U2) {U2) Ri2{ui - U2) 

where L^{u) = X]fc>o-^fe^~^ ^^'^ -^~(^) = J2k<o^k'^ '^ two 2x2 independent matrices, expressed 
in term of the Drinfel'd generators e^(M), f^{u) and h'^iu) using a Gauss decomposition of the Lax 
matrices: 

withw"*" = M and = u—c. Furthermore, kf{u)kf{u—l) = 1 and one defines /i^(m) = kf{u)~^kf{u). 
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4.3 Deformed double Yangians 

4.3.1 Definition of the deformed double Yangian VYr{sl2). 

Consider the R-matrix of Aq^p{sl2), and perform the scahng limit g ^ 1, with z = q^, p = q 
keeping u and r fixed. One obtains, up to a similarity transformation, the following R-matrix: 



2r 



R[VYr{sl2)]{u,r) 

the normalization factor being 

p{u,r) 



p{u,r) 



( 1 








sin-Trn/r 
sin7r(u+l)/r 

sin TT /r 
sin7r(M+l)/r' 







sin-Tr/r 
sin7r(?i+l)/r 

sin vrn/r 
sin7r(?i+l)/r 










(4.46) 



r2(r + 1 - M 


r,2)2r2(2 + u 


r, 2) r2(n 


r 


2) 


r2(u + 1 


r, 2)2 r2(r — u 


r,2)r2(r + 2- 




r,2) 



(4.47) 



where r2 is the multiple Gamma function of order 2 (see Appendix A). 

Taking now L{u) = J2nez ^nU~^ , the deformed double Yangian VYr{sl2) is defined by 

RuiUl - U2, r) Li(ui) L2{U2) = L2{U2) Li{u2) Rl2{Ui -U2,r- c) 

4.3.2 The deformed double Yangian VYri-sh) is a QTQHA 



(4.48) 



What is the status of this algebra? In fact, in the same way the quantum affine elliptic algebra 
•A.q^p{sl2) appears as a Drinfel'd twist of the universal quantum affine algebra Uq{sl2), we sketch 
below how the deformed double Yangian VYr{sl2) can be obtained as a Drinfel'd twist of the double 
Yangian VY{sl2)^, promoting VYr{sl2) as a QTQHA. For this purpose, one must prove that the 
matrix (|4.46|) is indeed an evaluation representation of a universal R-matrix obtained as a Drinfel'd 
twist of the universal R-matrix of VY{sl2)- 
Introducing the notation 



/ 1 



M{b'^,b- 











\{b+ + b- 















(4.49) 



one has obviously M{a,b)M{a' ,b') = M{aa',bb') and M{a,b)-^ = M{a-^,b-^). The R-matrix of 
VY{sl2) can be written as R[DY {sl2)]{u) = p{u)M (l, ^^), and the R-matrix oiVYr{sl2) takes the 
form R[VYr{sl2)]{u) = p^(u)M(6+, 6"), with 



2r 



b: 



cos 
sin 



u+l 
2r 

2r 



Ti{r + u + l 


2r)ri(r — u — 1 


2r) 


ri(r + M — 1 


2r)Ti{r - u + l 


2r) 



2r 



ri(u + 1 


2r)ri(2r - M- 1 


2r) 




2r)ri(2r - M + 1 


2r) 



The normalization factor of VYr{sl2) being rewritten as Pr{u) 
^ T2{u + l+ r\2,rf 

^^^"^ ~ T2(u + r I 2, r) T2(u + 2 + r I 2, r) 



PF{—u;r)p{u) pF{u;r) ^ with 



one obtains 



R[VYr{sl2)] = F2ii-u)R[VY{sl2)]F^2iu) 



(4.50) 
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Using the notation ( [4 .491 ), Fi2{u) is given by 

ri(u + r-l|2r) ri(M + 2r-l|2r) 



Fuiu) = pf{u) M 
This twist-like matrix reads 



ri(u + r + 1 I 2r) ' ri(u + 2r + 1 I 2r) 

U + 1 + {2n- l)r 
+ (2n - l)r' 



(4.51) 



/ xTT,.A u + l + 2nr\ ,,fu + l 

n=l ^ ' / \ 

oo 

Yl R{u + 2nr)~^ t{R{u + {2n - l)r)"^^ 



(4.52) 



n=l 



where r(M(a, 6)) = M(6, a), i? is the R-matrix oi VY {SI2) ^ and one uses the representation of priu) 
as an infinite product 



Pf{u) = '^p{u + nr) ^ 



(4.53) 



n=l 



The automorphism r may be interpreted as the adjoint action of (—1)2^0 ^ where is the Cartan 
generator of s/2 C ©^(5/2), so that 

00 

Fi2(m) = JJi?(M + 2nr)-^Ad (^(-l)^''^ ® lji?(M + (2n - l)r)"^ 

n=l 
00 

JjAd (^(-l)t'^o ® l)i?(M + nr)-^ 



(4.54) 



n=l 



Hence F is solution of the difference equation 

Fi2(m) = Ad ((-l)-i''» ® 1) Fi2(m - r) • R^2{u) (4.55) 

Note that all the infinite products are logarithmically divergent. They are consistently regularized 
by the Fi and r2 functions. In particular, lim F = M(l, 1) = I4. 

r— >oo 

One imposes then the difference equation at the universal level: 



where 



J^i2 = Ad(0®l)(J^i2) -C (4.56) 
.l'^-h'^OQ-{r+c)d g^j^^ Q _ ^\{c®d+d®c)j^^ ^ solutiou of ( [1.56D is givcu by an infinite product 



^i2(r) = n-^fe(^) = n^^(<^"' ® 



(4.57) 



fc>i 



A:>1 



It can be proved along the same lines as eqs. ( p.39|) to ( |3.42|) that Ti2{'r) satisfies the shifted cocycle 
condition. 

Finally, one gets the following theorem [|]: 



Theorem 4.1 The Yangian-type Drinfel'd twist U-^V satisfies the shifted cocycle condition 

Ti2{r) (A ® id)^(r) = ^23(r + c^^^) (id ® A)^(r) 
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The deformed double Yangian T>Yr{sl2) is a quasi-triangular quasi-Hopf algebra with the universal 
R-matrix lZ{r) = ^^21(^)^112 ^12 i."^) where IZ is the universal R-matrix ofVY{sl2). lZ{r) satisfies 
the shifted Yang-Baxter equation: 



Remark 4.3 Note that the evaluated R-matrices (|3.45|) and (|4.46| ) are homothetical once the iden- 
tification q = e^'^l"^ and z = e^*'^"/^ is done. However they are used to construct distinct algebras 
which diff'er fundamentaly in their structure. The R-matrix (|3.45|) is the evaluation of the universal 
R-matrix of the Hopf algebra ^^(5/2), while the R-matrix (|4.46|) corresponds to the evaluation of the 
universal R-matrix of the quasi-Hopf algebra VYr{sl2). In particular, the normalization factors of 



(|3.45|) and (|4.46|) , which are different, are related roughly speaking to the contribution of the Cartan 



part of the corresponding universal R-matrices. □ 
4.3.3 Other presentation of VYr{sl2). 

As it was said before, the R-matrix R[VYr{sl2)] obtained from the scaling limit of the R-matrix of 
v4.g,p(s/2) differs from the R-matrix R[DYr{sl2)] given by Eq. (|4.46|) by a similarity transformation. 
Indeed, one has 

R[VYr{sl2)] = K21 R[VYr{sl2)] K^2 (4-58) 

where 

K = V ®V with ^ = ^ _J J ^ (4-59) 

The Lax operators L and L associated respectively to the R-matrices R\VYr{sl2)\ and R\VYr{sl2)\ 
are connected by L = VLV^^^ implying an isomorphism between the two corresponding Yangian 
structures. 

One can identify V with an evaluation representation of an element g: V = rcevig) with g = 
exp (^(/o — Co)). Since Cq and /o lie in the undeformed Hopf subalgebra U{sl2) of VY{sl2), the 
coproduct of g reads A{g) = g ® g, so that 

gig2 ^^{g-')J' = gig2 J" 91^92^ (4.60) 
where A is the coproduct oiVY{sl2) while A-^ is the coproduct of VY,.{sl2). 

The two-cocycle gig2^''^ {g^^) is a coboundary (with respect to the coproduct A-^). In representation, 
(|4.60|) is equal to the scaling limit of the represented twist from Uq{sl2) to Aq^p{sl2). 



It follows that g 

lZ[VYr{sl2)] = g,g2^2ii9'') 7^[W,(s/2)] AUg)g^'g,' = g^g2 TlpYrish)] g^'g,' (4.61) 



satisfies the shifted Yang-Baxter equation of Theorem |4~1 . 

To recover (|4.58|) , it suffices to use ( [4.60|) and to remark that {iTev ® T^ev){,g ® g) commutes with 
RpYJsh)]. 
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4.3.4 Generalization to VYr{slN) 

Definition of the deformed double Yangian VYr{slN) 

We now construct the deformed double Yangian VYr{slN) 0- The R-matrix of the deformed double 
Yangian VYr{slN) is obtained by taking the scaling limit — > 1 with z = and p = and keeping 
u,r fixed) of the R-matrix of the quantum affine elliptic algebra Aq^p{slN)- One gets 

R{u,r) = pDYriu) X 

Tin TT TT 

^ sin — sin — sin -t^{u + 1 + (6 — a)r) 

V — Eac®E,^a+b-c (4.62) 

a,6,c=i A^sin sin [u + (6 — c)r) sin (1 — (a — c)r) 

the normalization factor pDYr{u) being defined by 

52(-^|r,iV)^2(l + n|r,iV) 

PDYr[u) = „ . I rTTTTTl ^ ^ (4-63) 



where S2{x \ 001,002) is Barnes' double sine function of periods loi and 002 (see Appendix A). 

It is possible to simplify this matrix by a similarity transformation. Defining V/ = 1/VN cj*^*"^)-^ 

where u = exp{2i'7i/N), the similar matrix R = (V ^ V)R(y ® V)~^ has the following non-zero 

entries 

SZ{u) = cot — + cot- 



S2^{u) = for 6 - a G {1, - 1} (4.64) 

sm 

r 



Sll{u) = ^_e-2-(*-W^- for 6 - a G {1, ...,N - 1} 

sm 



where the matrix elements and Sfl are related by 

sin — sin — 

4' = -PDYriu) ^ ' (4.65) 

sin 

r 

The deformed double Yangian VYr{slN) is a QTQHA 

Inspired by the expressions obtained in the s/2 case, one postulates @ the linear equation ( [4.56|) in 
PY(s/jv)^ O PY(s/iv)c for the twist J^u, where = a;-'^0'''e-(''+'=)'^ and C = el('=®'^+'^®•=)7^. Equation 
(|4.56|) can be solved by 

•^i2(r) = l[Mr) = n Ad(0-'= ® 1){C^,') (4.66) 

fc>l A;>1 

The operator d in the double Yangian VY{sIn)c satisfies [d, ea(n)] = — ea{u) for any root a and 
its coproduct is given by A{d) = d®l + l^d (see |[53|| ). 
The generator /i^p of VY{sIn)c is such that 

ho,pea{u) = e«(M)(/io,p + (p, a)) , /io,p/a(«) = fa{u){ho^p - (p, a)) , [/io,p, /^^(m)] = (4.67) 
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and hence r = Ad ^u;"'^" '' ® id j is idempotent, since all the scalar products (p, a) are rational. 
As in the s/2 case, equations (|3.39|) to (|3.42|) still hold and thus the infinite product (|4.66|) satisfies 
the shifted cocycle relation. The twist J-'{r) defines a QTQHA denoted VYr{slN) with universal 
R-matrix 7^[I?n(s/^)](r) = J^2i(r) 7^[W(s/Jv)J J^i2{r)-\ 

It remains to show that the corresponding evaluated R-matrix indeed coincides with the expression 
( |4.65|) . In the evaluation representation ( [4.38| ), the linear equation ( [I.56| ) takes the form 



where 



F(u) 



diag(cu^-\c^^-2,... ,cu,l). 



®iy^F{u-r){(p^l)R{u) 



(4.68) 



The solution of ( [4.68| ) is expressed in term of hypergeometric functions 2F1' 

r(^ + i) 



U) 



6-a r(H^ + i) 
r (H + 2) 



H + 1 

r 



UO 



b-L 



.1 + 1 

r r 



uo 



b-i 



(4.69) 
(4.70) 



and F^Hu 



1 (the indices a run from 1 to A^). 
The twist F{u) applied to the R-matrix of VY{sIn)-, eq. ( ^1.39|) , provides the R-matrix R{u) of the 
deformed double Yangian VYr{slN), eq. (|4.65| ), the non- vanishing entries of which are expressed in 
terms of ( |4.64| ). The proof follows by a direct computation using the properties of the hypergeometric 
functions 2-^1- 

This kind of construction can be generalized for any simple Lie algebra Q. 



4.4 Dynamical double Yangians 

4.4.1 The dynamical double Yangian 'DYs{sl2) 

Using the same kind of argument, it is possible to construct another deformation of the Yangian 
VY[sl2), which can be considered as a dynamical deformation, denoted by 'DYs{sl2). The corre- 
sponding R-matrix reads: 



R[VYs{sh)]{u,s)=p{u) 



( 1 








u 


u+l 





s—u 


s{u+l) 





s+u 
s{u+l) 
^-1 u 
s'^ u+l 











\ 





1/ 



(4.71) 



p{u) being the normalization factor of the R-matrix of VY{sl2) and s is a complex number. Actually 
this matrix can be obtained as a scaling limit of the quantum affine elliptic algebra Bq^p^xish) with 
p = 0. 

The algebra VYs{sl2) is then defined by the RLL-type relations 



Ruiui -U2,X + h) Li(ui, A) L2(m2, a + h^^^) = 

L2{u2, A) Li(mi, a + h^'^^) Ri2{ui - U2, A) 



(4.72) 
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Let us prove that VYs{sl2) is a QTQHA obtained from VY{sl2) by a Drinfel'd twist. To this aim, 
one uses the fact that U{sl2) is a Hopf subalgebra of 'DY{sl2). 

One first constructs a twist from Uq{sl2) to Bq^\{sl2) |13|, ^ as follows. Introduce (p = = qh^^+'^^ 
where s G C, and consider 

7 = \[M{(t)''(dl){n-^) (4.73) 

k>l 

where TZ = g~2^®^ is the universal R-matrix of (5/2). The twisted R-matrix 7^i2 = J^2i ^12 ^12 
defines the algebra Bq^\{sl2). The twist satisfies the following difference equation 

= M{(t)-^ ®l){J^)-1z (4.74) 

the solution of which is precisely the infinite product ( [4.73|) . 

Consider now the twist JF' obtained from ([4.73|) by taking the limit g — 1 and keeping s fixed. The 
consistency of this procedure follows from the Hopf algebra identification Un{sl2) / {h lAh{sl2)) — U (5/2) 
with q = e^. In this quotient, the twist JF' is given by the formula 

00 /ft— 1 \ 
J'' = Y,^[llii^ + k-s)l^h]^l] e"®r (4.75) 

n=0 ■ \fc=0 / 

In fact, the scaling limit of the difference equation ( |4.74| ) of the twist J-' leads to the following equation 
for the twist JF', obtained as the first non-trivial order in h in (|4.74| ): 

[X® =-F'f (4.76) 

where r is given hy7l = l®l + hr + o{h). This equation has a unique solution expressed either by 
eq. (|4.75|) or by the infinite product (it can be checked directly, order by order, that formulae ( |1.75| ) 
and ([4.77|) lead to the same expression in terms of the generators) 

T' = JJ Ad(x"^ ® 1) (1 ® 1 + (x ® l)"'f) (4.77) 

k>l 

Finally, the following theorem holds ||: 

Theorem 4.2 The dynamical Yangian-type Drinfel'd twist ( U--7V satisfies the shifted cocycle condi- 
tion 

^[^{s) (A ® id)^'(s) = ^'23(5 + /i^^'^) (id®A)^'(s) 

The dynamical double Yangian VYs{sl2) is a quasi-triangular quasi-Hopf algebra with the universal 
R-matrix Tl{s) = J^2ii^) ^ ^'ui^) where TZ is the universal R-matrix of T>Y {SI2) . 7^(s) satisfies the 
dynamical Yang-Baxter equation: 

n^2{s + /i^^'^) ^13(3) n2z{s + K"^'^) = n2z{s) n^is + /^^^'^) ^12(5) 

In that case, although the computation is rather tedious, the proof of the shifted cocycle condition 



can be done directly by using the sum formula (4.75). 



Quantum elliptic algebras and double Yangians 



37 



4.4.2 Generalization to VYs{sl 



The previous construction can be generalized to tiie case of sIn witliout difficulty 0. It follows the 
same lines: 

- construction of the twist J-" from Uq{slN) to Bq^x{slN), 

- one takes the scaling limit of this twist consistently from the Hopf algebra identification 



Un{slN)/{hUf,{slN)) - U{sIn) 



(4.78) 



with q = e^, 

- the scaled twist JF' can also be obtained in its universal form as an infinite product given by 
( |4.77|) , the matrix r being the classical limit of the matrix TZ where TZ = q-'^-^i^^^^i is the universal 
R-matrix of ^^(s/tv) and dij is the inverse of the Cartan matrix of sl^. 

In the fundamental representation for sl^, the evaluated infinite product expression for JF' reads 



F' 



a<h 



ha 



(4.79) 



Applied to the R-matrix of VY^sIn) given in (|4.39| ), this twist leads to the evaluated R-matrix of 
VY,{sIn): 



R[VYs{sIn)]{u, s) = p[VYs{sIn)]{u) ® + J2 ® ^' 

\ a a<b 



a>b ^ 



4 



u 



a,b 



2u \ 1 



Eaa ® Ebb 



Xa — Xb J U + l 



Eab ® Eba 



the normalization factor being p\DYs{sl n)\{u) = p[VY {si n)]{u) , see eq. ( [4.40|) 



(4.80) 



4.4.3 The deformed dynamical double Yangian VYr^si-sh) 

Considering now the scaling limit of the quantum affine elliptic algebra i3gp a('S/2), it is possible to 
construct a deformed dynamical double Yangian VYr^s{sl2) with the following R-matrix |§ 



R[VYr^s{sl2)]{u,r,s) = p{u,r) 



/I \ 

b{u) c{u) 

c'{u) b'{u) 

\ 1 / 



(4.81) 
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where 



b{u)- 

c{u) -- 
h\u) 



diu) 



Ti{r — s 


rf 


ri(r-s + l 


r)ri 


V — s — 1 


r) 



sm 



7r(l+u) 



sm 



7r(s+u) 



sm - 



sm 



sm 



■n{l+u) 



r 


lis 


r)2 


Ti{s + l 


r) ri(s - 1 


r) 



sin^ 

r 



(4.82) 



sm 



tt{1+u) 
r 



sm 



tt{s—u) 



sm ■ 



sm 



sm 



7r(l+-u) 



(4.83) 



and the normalization factor p{u,r) is given by eq. ( [4.471 ). 
The algebra VYr^s{sl2) is then defined by the relations 

Ruiui - M2, A + h) Li(ui, A) ^2(^2, A + /i*^^^) = 

L2(m2, A) Li(mi, a + h^'^^) Ruiui - U2, A) 

In that case, although the algebra can be defined through RLL relations, the status of this algebra 
as a QTQHA, obtained by a Drinfel'd twist of VY{sl2)^, remains still open. However the interest of 
this algebra is enforced by the following remark. 



Remark 4.4 Considering the R-matrix of the VYr^sish) algebra, eq. ( |4.81| ), and taking the limit 
s ioo, one gets a non-dynamical R-matrix given by 



R = p{u, r) 



( 1 








o\ 





sin TTu/r 


^-inu sin7r/r 





sin7r(M+l)/r 


sin7r(u+l)/r 





^i-KU sm-K/r 

sin7r(u+l)/r 


sin TTu/r 
sin7r(M+l)/)" 





Vo 








1/ 



(4.84) 



where p{u, r) is the same as above. 

In fact, this matrix can be obtained from the R-matrix (|4.46|) by a similarity transformation. This 
similarity transformation can be constructed as a Drinfel'd twist at the universal level. Considering 
g' = exp(/ii/2r), one defines the following shifted coboundary 

/Ci2(r) = g'ir) ® g'ir + c^'^) A^ig''') (4.85) 

where A-^ is the coproduct of VYr{sl2). It obeys a shifted cocycle condition 

/Ci2(r) (A^ ® id)/C(r) = /C23(r + c^'^) (id ®A^')/C(r) (4.86) 

as a consequence of 

(A^ ® id) A^{g'-^) = (id ®A^') A^{g'-') (4.87) 

with J^23(^) — ^23(^ + 0^^^). This last equation is the quasi-coassociativity property for the coproduct 
A^. 

Finally, the matrix }C2i{r) Tl['DYr{sl2)] }Ci2 (r) satisfies the shifted Yang-Baxter equation, and the 
corresponding evaluated R-matrix coincides with (|4.84|). □ 
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Appendix 

A Notations 

Jacobi theta functions 

Let M — {z & <C\lmz > 0} be the upper half-plane and A,- = {Ai r + A2 | Ai, A2 G Z,t e H} 
the lattice with basis (1,t) in the complex plane. One denotes the congruence ring modulo by 
Zjv = Z/A^Z with basis {0, 1, . . . , A^ — 1}. One sets uj — e^*'^/^. Finally, for any pairs 7 = (71, 72) 
and A = (Ai, A2) of numbers, we define the (skew-symmetric) pairing (7, A) = 71A2 — 72A1. 

One defines the Jacobi theta functions with rational characteristics 7 = (71,72) € jf'Z x -^Z by 



7i 
.72. 



= X] (^7r(m + 7i)^r + 2m{m + 71) (^ + 72)) 



(A.l) 



The functions ''^[^j] (^, 7") satisfy the following shift properties 



71 + Ai 

72 + A2, 
71 



(^, r) = exp(2i7r7iA2) ^ 



71 
72. 



(e,r) 



72. 



(^ -|- AiT -|- A2, r) = exp(— zttA^^t — 2i7rAi^) exp(2i7r(7. A)) 



71 
72. 



(e,r) 



(A.2) 
(A.3) 



where 7 = (71, 72) G ^Z x ^Z and A = (Ai, A2) G Z x Z. 

Moreover, for arbitrary A = (Ai, A2) (not necessarily integers), one has the following shift exchange 



7i 
72. 



a + AiT + A2, r) = exp ( - mXlT - 2i7rAi(^ + 72 + A2)) ^ 



7i + Ai' 
.72 + A2. 



(e,r) 



(A.4) 



Consider the usual Jacobi theta function 



(A.5) 



where the infinite multiple products are defined by 



(A.6) 



ni>0 



-;2-^e„(^). 



It satisfies 0p(p-2) = Qp{z ^) 
The Jacobi theta functions with rational characteristics (71,72) G ;^Z x -i:Z can be expressed in 



terms of the Op function as 



7i 
72. 



(A.7) 



where p — e^*'^'^ and z — e''^^ . 



Appendix 



41 



Multiple Gamma and Sine functions 

Tr is the multiple Gamma function of order r given by 

' ^ (A.8) 



d 

Tr{x I UOi, . . . , UJr) = GXp ( — S \ UJi, . . . , UJr) 



ds 



s=0 



where 



(r{x,s\uJi, . . . ,LOr) = {x + UiLOi + ■ ■ ■ + UrCOr) * (A.9) 

ni ,...,nr>0 

is the multiple zeta function. In particular ri(x | Ui) = T (^^j ■ It has the following property 



Tr{x + Ui UJi, ■ ■ ■ UJr) 


1 




Tr{x\uJi, - ■ - UJr) rr-l(a; CUl,- 







(A.IO) 

'1, ■ ■ ■ l^i-l, l^i+l ■ ■ ■ ,UJr) 

Multiple sine functions of order r are defined by ||1^, |5^ 

Sr{x \ uJi, - ■ ■ UJr) = Tr{x \ UJi, ■ ■ ■ UJr)~^Tr{uJi + ■ ■ ■ + UJr — X \ UJi, ■ ■ ■ UJr)^^^^ (A.H) 



They satisfy 



Sr{x + UJi\ UJi, ■ ■ ■ UJr) 


1 




Sr{x \ UJi, ■ ■ ■ UJr) Sr-l{x\uJi,- 


■ ■ UJi-i, UJi+i ■ ■ 





(A.12) 



^2 


(x 


+ UJi\Ui,U2) 1 






[x\uJi,U2) 2sin — 






1^2 


S2 


[x 


UJi,UJ2)S2{-X \ uJi,UJ2) = 



In particular 51(0; | uji) = 2 sin ^-^j and Barnes' double sine function of periods uji and UJ2 is given 

by 

r, / I N T2{UJI+UJ2- X\UJI,UJ2) . . 

S2{x uju UJ2) = w-T-i ^ (A.13) 

T2{X I UJi,UJ2) 

One has the following properties 

- 1,1-t I l,!-t 1 

(A.14) 

. TTX . TTX / A 1 r^ 

sm — sm — (A. 15) 

COl UJ2 

B Deformation of an algebra 

Definition B.l Let A be a Lie algebra over the field C with bracket [■, ■]. A p-cochain is a p- 
linear skew-symmetric map Cp : A. The Chevalley coboundary operator d maps a p-cochain 

to (p + l)-cochains as 

p 

dCp{uo, ...,Up)= [ui, Cp{uo, ... ,Ui,... , Up)] 

i=0 

+ ^ {-iy^^Cp{[ui,Uj],uo,...,Ui,...,Uj,...,Up) (B.l) 

0<i<j<p 

where Ui means that Uj is omitted. 
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It can be checked that d satisfies d'^Cp = 0. A p-cochain Cp is called a p-cocycle if dCp = 0, i.e. 
is an element of Kevd. The space of p-cocycles is denoted Zp{A,A). A p-cochain Cp is called a 
p-coboundary if Cp = dCp-i, i.e. is an element of lind. The space of p-coboundaries is denoted 
BP{A,A). Since = 0, one has 13p{A,A) C Zp{A,A). 

Definition B.2 Let B^{A,A) and Z^{A,A) be the spaces of p-coboundaries and p-cocycles with 
respect to the Chevalley coboundary operator d. The quotient T-L^{A,A) = Zp[A,A)/B^{A,A) is 
called the p-th Chevalley cohomology space. 

The space H'^i^AjA) describes the non-trivial p-cocycles, i.e. cocycles which are not coboundaries. 
One has n*{A,A) = ®pnP{A,A) = Kerd/lmd. 

The theory of Chevalley cohomology is intimately related to the deformation of a Lie algebra. This 



last notion has been precisely defined by Gerstenhaber |38, 39, |73|. 



Definition B.3 Let A be Lie algebra over the field C and denote by C[[h]] the ring of formal series 
in the parameter h. A deformation of A is an algebra An over C[[h]] such that Ah/hAn ~ A. Two 
deformations An and A'j^ are equivalent if they are isomorphic over C[[h]]. A deformation An is 
trivial if it is isomorphic to the original algebra A (considered as a 'C[1t}\\- algebra). 

Let {ui} be the set of generators of a Lie algebra A with commutation relations 

K, Uj\ = Uk (B.2) 

Consider the deformation An of the enveloping algebra of A: there exists a new bracket [ ■ , ■]n such 
that 

oo 

[ui, Uj]n = fij Mfc + hFLpp{ui, Uj) (B.3) 

where the ipp are antisymmetric bilinear maps taking values in A, i.e. Chevalley 2-cochains. Imposing 
to the new bracket [ ■ , ■ j/j to satisfy the Jacobi identity, one gets the following constraints [d denoting 
the Chevalley coboundary operator): 

d^i = (B.4) 

d^p= X] (^Vr\^siUi,Uj),Uk) + ^Pr{^siUj,Uk),Ui) + riff siUk,U,i),Uj)^ = ^JpiUi, Uj , Uk) 



r+s=p 



{p > 1) (B.5) 



Therefore (pi is a 2-cocycle, while (pp is determined by the (pr with r < p, up to 2-cocycles. Now, if 
equation (|B.5|) is satisfied up to order p (i.e. the deformation is consistent up to order p), one can 



show by a direct calculation that the r.h.s. of ([B.5| ) at order p + 1 is a 3-cocycle: dippj^i = 0. If one 
wants equation (|B.5| ) to be satisfied at order p + 1 (i.e. the deformation extends to order p+ 1), this 
3-cocycle must be indeed a 3-coboundary: ipp+i = d(pp+i. It follows: 
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Proposition B.l The third Chevalley cohomology space 1-L^{A^A) classifies the obstructions to 
deformations of a Lie algebra. In particular, ifH^{A,A) is the null space, any 2-cocycle of Z^{A, A) 
leads to a deformation of A. 

The question is now to classify all nan- equivalent deformations. Let An and A'f^ be two deformations 
of the Lie algebra A. An and are equivalent if there is an isomorphism X = 1 + Yl'^=i ^^^p of 
such that I{[ui,Uj]n) = [I{ui),I{uj)]'f^. 

A deformation at order 1 is trivial if the 2-cocycle ipi is in fact a 2-coboundary. Using similar 
arguments as above, if two deformations are equivalent up to order p, they differ only by 2-cocycles 
which are 2-coboundaries. If one wants to extend the equivalence at order p + I, this imposes that 
the 2-cocycle at order p + 1 is also a 2-coboundary. It follows: 

Proposition B.2 The obstructions to equivalence between deformations of a Lie algebra A lie in the 
Chevalley cohomology space 7{^{A,A). In particular, if7{^{A,A) is the null space, all deformations 
are trivial. 

In the case of Hopf algebras, one has to deal also with the deformation of the coproduct. If A 
is a Hopf algebra with coproduct A, a deformation An is endowed with a deformed coproduct 
An = A + YlT=i ^^Ap where Ap are homomorphisms from A to A ® A. As before, one has to 



introduce suitable cohomologies (related to the algebra and the coalgebra structures). See |2T|, ^ 
and references therein for more details. 
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